Calculus I Section 10.6 Notes

Polar Equations of Conics:
ed ed
= or r= :
1+ecosé l+esing
where e (eccentricy)>0 and

r

\d = distance between the focus at the pole and directrix.



Classification of Conics by Eccentricity
et e = eccentricity.

a) The conic is aellipse for 0 <e <1.

b) The conic Is a parabola for e =1.

c) The conic Is a hyperbola for e >1.




Four types of equations based on location and type of directrix:

ed

1+esing
ed

1—esing
ed

1+ecosd
ed

1-ecosé

1) Horizontal directrix above the pole: r =

2) Horizontal directrix below the pole: r =

3) Vertical directrix to the right of the pole: r =

4) Vertical directrix to the left of the pole: r =



Examples of Parabola and Location of Directrix:
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Examples of Parabola and Location of Directrix:
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Examples of Ellipse and Location of Directrix:

o
>

s

X
m'
PIXDX —\S
1S abo

B 3
1+0.5s1n@ "

T

3

g = }
1+0.5s1n @

‘u(,O/




Examples of Ellipse and Location of Directrix:
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Examples of Hyperbola and Location of Directrix:
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Examples of Hyperbola and Location of Directrix:
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Example 1: Letr =

1- coséd
. . ed
Corresponding Equation: r =
1-ecosé
=6 - S0
1- cosd 1-1cosé

a) e= eccentricity=1 = conic Is a parabola
b) d = distance from focus at the pole to directrix = 6

6

c) Graph r =
) P 1- cosé
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6
1- coséd

Graphing r =

Polar Equations video on/off

Omin = |[| Omax = |Iir Bstepsize = |0.1

Example ‘ Submit‘ clear ‘ show table nfvalues‘ Tracing Graphl

r(0) = |ﬁf(1 - Cos(0)) - EE
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3
-1 +2co0sé
3/(-1
Note: r = : = ( )
-1 +2cos@  -1/(-1) +2cosb/(-1)
33
1-2cosfé 1-2coséd
ed
1—-ecosé
e=2; ed=-3 & 20=-3 < d=-3/2
a) e = eccentricity = 2
b) |d| = distance from focus at the pole to directrix = |-3/2| =3/2

3
-1 +2cosé@

Example 2: Letr =

Corresponding Equation: r =

c) Graphr =
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Graphing

F =

3

-1 +2cosé@

Omin = |

Polar Equations video

v on/off

| 27 'Elstepsmr—; = |

Example ‘

Submit

clear

show table of values ‘ Tracing Graph |

W|3f(-1 + 2Cos(6))

. on/off
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Example 3:

Find a polar equation for the parabola with its focus at the pole.
Parabola has: e =eccentricity = 1; Directrix: x = -2

a) Find distance from focus at the pole to directrix = |d| =2

b) Polar equation for parabola:
Note: The equation x = -2 Is a vertical line to the left of the origin.
Hence, directrix is vertical and is to the left of the pole (origin).

ed
1-ecosd

Therefore, corresponding equation is r =

_ed (@R 2
1-ecosd 1-1cos@ 1-cosd

I
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2

Graphing r =
1-cosé
Polar Equations video on/off
Bmin = |[| Bmax = |Eilt Bstepsize =|0.1
Example ‘ Submit ‘ clear ‘ show table of values ‘ Tracing Graph |

r(0) = |2f(1 - Cos(0)) B
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Example 4:

Find a
Parabo
Note:

Parabo

polar equation for the parabola with its focus at the pole.
a has vertex at (1, 7/2).

Focus Is at the pole or (0, 0) for polar equation of conics;

Polar Coordinates(1, z/2) = Rectangular Coordinates (0,1).

la opens down because Focus is (0,0) and Vertex is (0,1);

Directrix i1sy = 2; Directrix is above the pole and horizontal.

d = distance between the focus at the pole and directrix = 2

e=1Db

ecause conic Is parabola.

Polar equation for parabola with horizontal directrix above the pole:

r_

ed __(H(2) __ 2

~1l+esing 1+(L)sind 1+sind
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Graphing r =
Ping 1+sIin@

{ g
| r(8) = [2/(1 + Sin(0)) PWowos




Example 5:
Find a polar equation for the ellipse with its focus at the pole.
Ellipse has: e = eccentricity = 1/4; Directrix: y =2

a) distance from focus at the pole to directrix =d =2
b) Polar equation for ellipse:

The equation y = 2 is a horizontal line above the origin.
Hence, directrix iIs horizontal and above the pole.
Corresponding polar equation for horizontal directrix
above the pole:

ed (1/4)(2) 1/2 2

"“lresing 1+(L4)sin@ 1+ (L/4)sin@ 4+sing
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Graphing r =

4+sIn@

2/(4 + Sin(0))




Example 6:
Find a polar equation for the ellipse with its focus at the pole.
Ellipse has vertices at (1, 0) and (4, ).
Note: Polar Coordinates (1, 0) = Rectangular Coordinates (1, 0)
Polar Coordinates (4, 7) = Rectangular Coordinates (-4, 0)
Center of ellipse is (-1.5, 0)
a = distance from center to vertex = 2.5
¢ = distance from center to focus = 1.5
e = eccentricity = L 15 = 3

a 25 5
Note that ellipse elongates horizontally and has vertical
directrix to the right of the pole. To find d, we can use

ed

1+ecosd

the point (r,8)=(1, 0) and the equation r =
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Example 6 (con't):

~ed _ (3/5)d
1+ecosd 1+(3/5)cosé
Using (r,0)=(1,0):

I

. (3/5)d  3d

 1+(3/5)cos@ 5+3cosé
3d

& 1 =—

_ 3d
5+3cos(0)

1

< 8 =3d < d=8/3

. L 8
Hence, distance from focus at the pole to directrix =d = 3

Polar equation for ellipse:

o ed (3/5)(8/3)

24/15 24

1+ecosd _1+(3/5)cosé’ _1+(3/5)c036’ :15+9cos«9
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r(0) =

24/(15 + 9Cos(0))

. on/off

(S5 o
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Example 7:
Find a polar equation for the hyperbola with its focus at the pole.
Hyperbola has: e = eccentricity = 3; Directrix: x = 2

a) distance from focus at the pole to directrix =d =2
b) Polar equation for hyperbola:
polar equation for vertical directrix to the right of the pole:

- ed (3)(2) ___ 6
1+ecosd 1+(3)cosd 1+3cosd
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r(8) = |6/(1 + 3Cos(0))




Example 8:
Find a polar equation for the hyperbola with its focus at the pole.

Hyperbola has vertices at (2, 37/2) and (10, 37/2).

Note:
Polar Coordinates (2, 37/2)= Rectangular Coordinates (0,-2)

Polar Coordinates(10, 37/2) = Rectangular Coordinates (0,-10)

Center of ellipse is (0,-6)

a = distance from center to vertex =4
¢ = distance from center to focus = 6
6 3

.. C
e = eccentricity =— =—
a 4 2

Note that hyperbola has horizontal directrix below the pole.
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Example 8 (con't):
To find d, we can use the point (r,0)=(2, 37z/2)and the

ed
1—esing

equation r =

~ed
1—esing

(3/2)¢ (3/2)d _(3/2)d _3
5

I

“1-(3/2)sin(37/2) 1-3/2(-1)  5/2
d =(5/3)(2)=10/3
Therefore, equation of hyperbola is:
ed (3/2)(10/3) 5 10

r= = = . — .
l1-esind 1-(3/2)sin@ 1-(3/2)sing 2-3sind
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