Dot Product of Two Vectors
Let u=(u,u,) and v={v,,v,)

Then: u-v=u,-v, +u,v,

Let u=(u,u,,u,) and v=(v,,v,,V,)

Then: u-v=u,-v, +U,V, +U,V,

Note : Dot product of two vectors is a scalar quantity.

Let u=(2,3) and v=(4,5)

Then: u-v=2-4+3-5=23

Let u=(1,2,3) and v=(4,5,6)

Then: u-v=1-44+2-5+3.-6=32

Note : Dot product of two vectors is a scalar quantity.



Claim:u-v=v-u
Proof:
Let u=(u,,u,,u;) and v=(v,V,,v,)
Then: u-v={(u,u,,uy)-(v;,V,,V,)
= U -V, +U, -V, +U, -V,
=V, -U +V, U, +V, - U,

= (Vy,V,, V5 ) - (Uy, Uy, Uy )

=Vv-u



Claim:v-v= HVH2
Pr oof:

Let v={(v,,V,,V,)
Note: V] = ()" + (%) + (v, )
I = (O 0+ () ) =) ()7 ()

Then: v-v=(v,,V,,V;)-(V;,V,,V,)

= V-V, +V, -V, +V, -V,

= (V1)2 +(V, )2 +(Vy )2

= M



Angle Between Two Vectors




Claim: Let @ be the angle between u and v, where 0 <6 < r.

u-v

Then u-v=|u-|Vv|cos@ or coso=
Jul - []v]]

Proof:

From Law of the cosines: |[v—u[| =] +|v| —2|u-|v|cosé

v-ul =(v-u)-(v-u)
=(v-u)-(v)=(v-u)-(u)
=V-V—-U-V-V-U+U-U
=V-V-U-V-U-V+U-uU
=V - 2u- v+ Juf

Hence,

v =ulf =l + V[ - 2]u]-[v|cose

VI —2u- v+ ul = Jul” + V" - 2u] - [vlcos &

—2u -V =-2||u|-|v||cos &

v = - |v]coso



Letv=(123) and u=(4,69)
Then u-v = (1)(4) + (2)(6) + (3)(9) = 43

u|=VIZ+ 22 + 32 =14
[V = V4? + 6% +9? = 133

u-v 43

Ju-Iv] ~ Viavi33

0=cos™ (0.9965030155175412)

cosd = =0.9965030155175412

= 0.083654342807899 radian = 4.79304078°

Definition of Orthogonal: u and v are orthogonal (perpendicular) ifu-v =0
Letu=(1,2,3) andv=(4,7,9)
u-v=4+14+27=45

Hence, u and v are not orthogonal.

Letu=(1,0,0) andv=(0,10)
u-v=0+0+0=0

Hence, u and v are orthogonal.



Vector Addition and Subtraction

u-tv



Projection and Vector Components

Note: u=w, + w,



w, = projection of u onto v = proj, u.

W, =U—W, = vector component of u orthogonal to v

Claim: w, = proj,u = [u ' \Z/Jv
Vi

Proof:

Note that w, and v parallel. Hence, w, = kv.

Note that w, and v orthogonal. Hence, w, -v=0
U=w,+Ww, =kv+w,

u-v=(kv+w,)-v Taking dot product of both sides with v
Uu-v=Kkv-v+w, v

u-v=kv-v+0

u-v==~kv-v

K=oV Note:v-v=HvH2
VIl

W, kv:{u'\;]v
VI




Example: Letu = (3,4) andv = (17)

w, = projection of u onto v = proj, u =

- [FQ||Z]V:£%jV:(%j<1’7>

W, =U—Ww, = vector component of u orthogonal to v
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