Lines and Planes in Space

Parallel VVectors:

Let u=(13) and v=2u=(2,6)

al 5

If vectors u and v are parallel, then u =tv;

where t is a real number.



Lines in space
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Note: Vectors PQ and v are parallel.
Hence, PQ =tv; wheret is a real number.
(X=%,y—-Vy,,z—-z)=t(a,b,c)
(X=%,y—-Y,,z-2)= (ta,th,tc)

Line L is represented by the parametric equations:

X—-X =ta, y-y,=th, z-z =tc



Example 1: Find parametric equations of the line L

that passes through (1, 3, 4) and is parallel to v =(4,5,6).

Line L is represented by the parametric equations:
X—x =ta, y-y=th, z-z =tc
x-1=t(4), y-3=t(5), z-4=t(6)

X—-1=4t, y-3=5t, z-4=0t

Find symmetric equations of the line L that passes
through (1, 3, 4) and is parallel to v =(4,5,6).
X—-1=4t, y-3=5t, z-4=~0t

; t:y—3; t:z—4
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List two points on line L.

X-1=4t, y-3=5t, z-4=06t

Fort=2: x-1=4(2), y-3=5(2), z-4=6(2)
=>x=9,y=13 z=16
Pointon line L: (9,13, 16)
Fort=4: x-1=4(4), y-3=5(4), z-4=6(4)
= x=15y=17, z=20
Point on line L: (15,17, 20)



Find parametric equations of the line L that passes

through P(1, 3, 4) and Q(4,7,8)

Let v be the vector with initial point at the origin

and parallel to the vector PQ.

V=(4-17-38-4)=(3,4,4)

Line L is represented by the parametric equations:
X—X =ta, y-y,=th, z-z =tc
(a,b,c)=(3,4,4); (x,¥,,2)=(13,,4)
x-1=1(3), y-3=t(4), z-4=t(4)
X-1=4t, y-3=5t, z-4=06t



Example 2:
Find symmetric equations of the line L that passes

through P(1, 3, 4) and Q(4,7,8)

Parametric Equations:

X—-1=4t, y-3=5t, z-4=0t

Symmetric Equations:
X—-1=4t, y-3=5t, z—-4=6t

t:X__l, t:y__S’ t:Z;A'



Example 3:

Find the coordinates of a point P on the line and a vector v parallel
to the line.

X=4t;, y=5-t; z=4+1t
X—-0=4t, y-5=—t; z-4=1t

X-x =ta, y-y=th, z-z =tc
Vector v =(a,b,c)=(4,-17);

Point P(x,, Y,,z,) =(0,5,4)



Planes in space
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Let P(x,,Y;,Z) and Q(X, Y, z) be on plane M.

Let n=(a,b,c) be a vector that is orthogonal to plane M.
Note: Vectors ﬁ and n are orthogonal (perpendicular).
Hence, PQ -n=0

(X=%,Y—-V¥,,2—12)-(a,b,c)=0
= a(x-x)+b(y-y)+c(z-2)=0

Equation of plane M : a(x—x,)+b(y—-Yy,)+c(z-z)=0



Example 4:
Find equation of the plane containing P(x,, ¥;,Z,) =(2,3,4)

and perpendicular to the vector n =(a,b,c)=(6,9,1)

Equation of plane: a(x—x)+b(y—-y,)+c(z—-2z)=0
Equation of plane: 6(x—2)+9(y—-3)+1(z—-4)=0
= ox-12+9y-27+z2-4=0

=  6Xx+9y+z-43=0

Example 5:
Find equation of the plane containing P(x,, y,,z,) =(2,3,4)

and perpendicular to the vector n =k =(a,b,c)=(0,0,1)

Equation of plane: a(x—x)+b(y—-y,)+c(z—-2z)=0
Equation of plane: 0(x—2)+0(y—-3)+1(z—-4)=0
= 1z-4)=0

= Z=4



Example 6:
Find equation of the plane containing A(5,9,0),
B(2,0,3), and C(4,5,9).

AB =(2-5,0-9,3-0) = (-3,-9,3)

AC = (4-5,5-9,9-0) = (-1,-4,9)

Note: Vectors AB and AC are on the plane.

A vector that is orthogonal (perpendicular) to AB and AC

is the cross product AB x AC.



Hence, ABx AC
=[(=9)(9) - A(-4)]i -[(-3)(9) - A)(-D]]
+[(=3)(-4) - (-9)(-D ]k
[-69]i - [~24]j +[3]k = ~69i + 24j + 3K

(-69,24,3)

Letn=ABxAC =(a,b,c)=(-69,24,3)

Let point P(x,,y,,Z,)= A(5,9,0)

Equation of plane: a(x—x)+b(y-y,)+c(z-2)=0
Equation of plane: -69(x—-5)+24(y—-9)+3(z-0)=0



Example 7:
Find the distance between the point Q(0,0,0) and

the plane 2x+3y+z-12=0
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Distance between point and plane =

Equation of Plane: ax + by +cz+d =0

Normal vector n =(a,b,c) =(2,3,1)

A point the plane 2x +3y + z—-12 =0 is any

ordered triple (x, y, z) that satifies this equation.
Wecanletx=0,y=0,z=12.

Hence, (0,0,12) satisfies the equation 2x+3y+z-12=0
and a point P(x;,y,,z,) = (0,0,12) is on plane.

PQ =(0-0,0-0,12-0) =(0,0,12)
PQ-n=(0,0,12)-(2,31)=0+0+12=12

In] —J22+32 412 =14
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Distance between point and plane =




Example 8:
Find the distance between the point Q(1,-2,4) and
thelinex=2t;y=t-3;z=2t +2

Distance between point and plane =

Equation of line: x—x, =at;y -y, =bt;z—-z =ct;
Note: x=2t;)y=t-3;z2=2t+2<= x-0=2t;y+3=t;z-2=2t
Direction vector for the line: u=(2,1,2)
To find a point on the line, lett =0
X=2t;)y=t-3;,2=2t+2

X=0;, y=-3;, z=2

Point P on the line: (0,-3,2)
Hence, PQ = (1-0, -2 - -3,4-2) = (1,1,2)

PQxu=(1,12)x(2,1,2)=0i+2j+-1k = (0,2,-1)

PQxu =[(0.2,-1)| =(0)* + (2" + (-1)* =5

ul =[(2,1.2)] = J(2)* + (1) + (2)* =9 =3
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Distance between point and plane =






