Calculus Il Section 14.4 Homework

Note: mass of lamina = density - area

m= p- Area

m =[] p(x y)dA



Example 1: Find the mass(m) of the lamina corresponding to region R

with the given desisty function p.

p(X,y) =8xy.

m:Hp(x,y)dA: ?

Region R




510

m = Hp(x, y)dA = ”8xydxdy

10 10 W2 10
Evaluate j8xydx = 8yj XdX = Sy{?} =400y
0 0

0

5 10 5 2 TP
Hence, [ [ 8xydxdy = [400ydy = 400{3’7} — 500
00 0 0



Example 2: Find the mass(m) of the lamina corresponding to region R

with the given desisty function p.

o(X,y) =14xy.

m=“p(x,y)dA: ?




y=—0.5x+5
Evaluate j 14xydy =14x I
y=0
I _0.5x+5)’
= 14X ( )
2
10 y=—0.5x+5

Hencej j 14xydydx = j 14x

0 y=

10

0

—0.5x+5

10 y=-0.5x+5

m= ”p(x, y)dA=”14kxydydx :j j 14 xydydx
R R

0

0

— 4kx

y=0

(9)
2

(—O.5x + 5)2 |

=14X

2

| 7x(-0.5x +5)" dx =1458.333333333

2 -0.5x+5
ydy = 14x{y—}
2 0

_(—0.5x + 5)2 |

2

dx




Center of Mass Hlustration 1

Example of Discrete Masses: There are three point masses arranged as
follows. What is the center of mass of this system?

P
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m,X, + M, X, + MyX,  moment about the y-axis
m +m, +m, sum of the masses

|
|l

my, +m,y, + myy, moment about the x-axis

m, +m, +m, sum of the masses

<|
I

Center of mass = (X,Y)

X +myX, +mgx, _ (7)(5)+(4)(25)+(2)(7) _g,

X = m, +m, +m, (+4+2 )
7= My, + MY, +MyY, (7)(15)+(4)(15)+(2)(7) —13.8
m, +m, +m, [+4+2 |

Center of mass = (X,V)=(8.4,13.8)
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Center of Mass lllustration 2

Suppose we have an 8 in by 10 in piece of paper. We then remove a
portion of it (see figure below). Find the center of mass of the remaining
piece.

3

(0,0) 2 6 10



(0,0) 2 6 10

For piece A, center of mass = (1, 4); mass = (area)(density) = 16p
For piece B, center of mass = (4, 1.5). mass = (area)(density) = 12p

For piece C, center of mass = (8, 4). mass = (area)(density) = 32p



o M+ MyX +MyXs (16p)(1)+(12p)(4)+(32p)(8)

m +m, +m, 16p+12p+32p
_ 3200 _ 5 33333333
60,
oMy +myy, +my,  (16p)(4)+(12p)(15)+(32p)(4)
y = —
m, +m, +m, 16p+12p+32p
_2100 55
60,

Center of mass = (X, V) =(5.33333333,3.5)



Center of Mass:

o = X +MyX, +MyXy moment about the y-axis _ M,

m, +m, + m, sum of the masses Total Mass
_ my,+m,y, +m,y, moment about the x-axis M,
y — — —

m, +m, + m, sum of the masses Total Mass

Center of mass = (X,Y)



For lamina with non-homogeneous density,

mass of lamina: m= Hp(x, y)dA= ?
R
moment of mass with respect to x-axis: M = j j yo(X,y)dA
R

moment of mass with respect to y-axis: M = j j Xp(X,y)dA
R

M M
Center of Mass: X=—"  y=—
m m

J [ xo(x,y)dA u | JyeOy)dA
Hence, X = — ==X y=—*=-~R

T [ ptxyoa T [[ptyda

R R




Example 3: Find the mass and the center of mass of the lamina

bounded by the following graphs.
y=X; y=0; x=4

Density Function: p(X, y) =8x.
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mass of lamina: m= ”p(x y)dydx = jijdydx

0 y=0

y=X
Evaluate inside integral: j 8xdy = [8xy] =8x’
y=0
4 y=X B X3_4
m = 8xdydx = | 8x°dx =| 8- —
[T o] 3|

| -0




moment of mass with respect to x-axis:

M, = ”yp(x, y)dA:j'yJ‘X8xydydx
R

0 y=0
y=X i yz 1%
Evaluate inside integral: I 8xydy =| 8x-Z-| =4x°
y=0 _ 2 0
4 y=x 4 - w4 14
M, :I 8xydydx:j4x3dx: 4.2 | =256
0 y=0 0 _ 4 o




moment of mass with respect to y-axis:

M, = ”x,o(x, y)dA = jyIXSXXdydx
R

0 y=0

y=X y=X
Evaluate inside integral:j 8xxdy = j 8x2dy =[8x2y]0 =8x°

y=0 y=0
4 y=x 4 ¥4 4
M, =_[ gxxdydx = j8x3dx :8{—} =512
A
0 y=0 0 0
- M
Center of Mass: x=—X = ol2 _ 3

s




Moments of Inertia (rotational inertia):

For a point mass the moment of inertia is the mass times the square of
perpendicular distance to the rotation axis, | = mr”.

Illustration of Moments of Inertia:
https://www.youtube.com/watch?v=fHDB7PMUdZE
https://www.youtube.com/watch?v=W9fPGXyvrVM



|, = moment of Inertia with respect to x-axis of a lamina

of variable density

| :”yzp(x, y)dA ; Note: mass = ”p(x, y)dA

|, = moment of inertia with respect to y-axis of a lamina

of variable density

|, = ”xzp(x, y)dA Note: mass = ”p(x, y)dA

R



Example 4: Find the moments of inertia of the lamina
bounded by the following graphs
y=X;, y=0;, Xx=4;

Density Function: p(X, y) =8x.
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Example 4: Find the moments of inertia of the lamina
bounded by the following graphs
y=x y=0 x=4
Density Function: p(x, y) = 8x.

|, = moment of inertia with respect to x-axis = J' J' y° p(X, y)dA
4 y=X
j I *8xdydx
0 y=0

y=X 3 %
Evaluate inside integral: J' y*8xdy = {SX-y—} = §x4
y=0
7 4 8 x>

4
L= [ y’8xdydx=1, =[x T =§(1024)=546.133333
S ¢ 13 35 | 15



| = moment of inertia with respect to y-axis = J' j x° p(X, y)dA

j I x> 8xdydx = }yfx8x3dydx
0 y=0 0 y=0

y=X
Evaluate inside integral: f 8xdy = [8x3y]0 =8x*

y=0

4 y=x 4 5 4
= j dydx =1, = 8x4dx:{8x—} _8(1024) 16354
) ) O 5 5

0




