Calculus Il Section 15.2 Notes

Line Integral of a vector field

Line Integral of a vector field: jF -dr
C

where:

F 1s the vector field

C is the smooth curve represented by r(t)



Example 1: Find the work done by the force field F(x, y)

on a particle as it moves along path C while subject to the force field.
Vector Field: F(x,y)=x"i +3yj

Path C: r(t)=4ti+3tj=x(t)i+y(t)] 0<t<2

Finding work done by force field = jF -dr
C

dr . ]
—=r'(t)=4i+3
o (t) ]

dr = (4i +3j)dt



Example 1 (con'):

F(x,y)=F(x(t),y(t))= [x(t)]2 i +3y(t)j=(4t)"i1+3(3)]

Fodr=| (4t)i+3(3t)j |- (4i +3j)de

F.dr=| 64t + 27t]dt

Work = j F.dr = i[64t2 + 27t]dt —224.66667
C 0



Example 2: Find the work done by the force field F(x, y)

on a particle as it moves along path C while subject to the force field.
Vector Field: F(x,y)=3xi—5yj

Path C: r(t)=4ti+(t—3)j=x(t)i+y(t)] 0<t<?2

Finding work done by force field = _[F -dr
C

dr .
—=r'(t)=4i+1
di (t) J

dr =(4i+j)dt



Example 2 (con'):
F(x,y)=F(x(t),y(t))=3x(t)i-5y(t)j=3(4t)i-5(t-3)]
F-dr=|3(4t)i-5(t-3)j|-(4i+1j)dt

F-dr =[48t -5t +15]dt

2
Work = [F-dr = [[48t -5t +15]dt = 116
C 0



Example 3: Find the work done by the force field F(x, y, z)

on a particle as it moves along path C while subject to the force field.
Vector Field: F(x,y)=3xi-5yj+7zk

Path C: r(t)=4ti+3tj+t°k =x(t)i+y(t)j+z(t)k 0<t<1

Finding work done by force field = IF -dr
C

% =r'(t)=4i+3j]+ 2tk

dr = (4i +3j + 2tk ) dt



Example 3 (con't):
F(x,y)=F(x(t),y(t))=3xi —5yj+7zk =3(4t)i—5(3t)j+ 7(t2)k

F-dr=| 3(4t)i—5(3t)j+7(t* )k |- (4i+3j+ 2tk )dt

F.dr =| 48t — 45t +14t3]dt

Work = jF~dr :j[48t—45t+14t3]dt =5
C

0



Line Integral and Mass of Thin Wire

Suppose a thin wire is in the shape of the path
C:r(t)=x(t)i+y(t)j; a<t<b

The density of the wire at point (x,y) is p(X,y).
Find the mass of the wire.

Suppose we cut the wire into many small segments: s,,s,,S,,...
If the segment is small enough, then the density of each small
piece Is uniform.

Hence, mass of ith piece (s,) is (length of s, )( p(X;, Y;))-

Therefore, mass of thin wire = Z(Iength of s )(,o(xi Y, ))

=1



Line Integral and Mass of Thin Wire

Note: r(t)=x(t)i+y(t)j; r'(t)=x(t)i+y'(t)j; r'(t)=

ol &)+ (2]

b b
Recall: Length of arc = j\/(%j (3{) dt = |[|r’(t)] ot

a a

Mass of Thin Wire =

r'(t)| dt




Example 4: Suppose a thin wire is in the shape of

the path C:r(t)=5ti+t*j=x(t)i+y(t)j; 0<t<4.
The density of the wire at point (X, y) is p(x,y)=4xy.
Find the mass of the wire.

r'(t)=5i + 2tj

()] =(5)° =25 + 4t

p(X,y)=4xy=4x(t)-y(t)= 4(5t)(t2) = 20t°

Mass =

4
r'(t)]dt =[ 20t*V/25 + 4t° dt =10456.38839
0



Example 5: Suppose a thin wire is in the shape of a helix.
C:r(t)=4costi+4sintj+tk =x(t)i+y(t)j+z(t)k; 0<t<2x.
The density of the wire at point (x,y) is p(X, y) = 4xyz.

Find the mass of the wire.

r'(t) =—4sinti + 4costj+k

H_\/ 4smt (4COSt)2+(1)2=x/l65in2t+l6COSZt+1

p(X,y)=4xyz=4x(t)-y(t)-z(t)=

Mass =

4
r(t)]dt =[15t°V/25 + 4t° dt = 7842.29129
0



