Derivative and Slope of Tangent Line

m = Slope of Tangent Line at ¢ = AIimO fle+ AAX) -~ 1)
X—> X

Example 1:

Let f (x) =3x° — 2. Find the slope of the tangent line at ¢ =1.

f(X)=3x2 -2

f(c)=f(1)=310)>-2=1 Note: Whenx =1,y =1
f(c+AX)= f(L+AX)=3(1+Ax) -2

f(C+AX) = 3[12 +2(1)(AX) + (Axﬂ 2

f(C+AX) =3+6Ax+3(AX)" -2 =1+ 6Ax+3(Ax)’
f(c+AX)— f(C)= [1+ 6Ax+3(Ax)Z] —[1] = 6Ax +3(AX)’

fc+Ax)—f(c) _6AX+ B(Ax)2 _ 6AX .\ C%(Ax)2

AX AX AX AX
f(c+Ax)— f(c) 64 3Ax
AX

jim TCFAO=TO) _ iy (6.1 3A%) = 6.+ 3(0) = 6

Ax—0 AX Ax—0
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Equation of Tangent Line:y —y, =m(x—Xx,)
Line contains (1, 1) and has slope of 6.

y =Y =m(X—x,)

y—-1=6(x-1)



Example 2:

Let f (x) =3x° —2. Find the slope of the tangent line at ¢ = 0.

f(x)=3x*-2

f(c)= f(0)=3(0)* —2=-2 Note: When x=0,y =2
f(c+AX)= f(0+Ax)=3(Ax) -2

f(c+Ax) =3(Ax)" -2

f(c+ax) - f(c)=| 3(ax)" -2 |- [-2]=3(ax)’

fc+Ax)— f(c) 3(ax)
AX AX
jim L CFAO=TO) _ iy (3ax) = 3(0) = 0

Ax—0 AX Ax—0

= 3AX
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Equation of Tangent Line: y =-2




Example 3:

Let f (x) =3x* — 2. Find the slope of the tangent line at ¢ = —1.

f(X)=3x2 -2

f(c)=f(-1)=3(-1)°-2=1 Note: When x=-1,y =1
f(c+AX)= f(~1+AX) =3(-1+Ax)" -2

f(C+AX) = 3[(—1)2 +2(=1)(AX) + (AX)’ } _2

f(C+AX) =3-6Ax+3(Ax)" —2=1-6Ax+3(Ax)’

f(c+AX) - F(€) =|1-6Ax+3(Ax)° |~ [1] = 6%+ 3(Ax)’

fc+An)—f(c) _-6Ax+3(AX)" —6ax 3(Ax)

AX AX AX AX
f(c+ Ax)— f(c) _ _6.43Ax
AX

jim - CFAN =T _ i (64 3ax) = —6 4+ 3(0) = -6

AXx—0 AX AX—0



Equation of Tangent Line:y —y, =m(x —Xx,)
Line contains (-1, 1) and has slope of -6.

y =Y, =m(X=x)

y—-1=-6(x—-1)

y—-1=-6(x+1)



Example 5:

Let f (X) =

. Find the derivative of the function f (x).
X+4

1
f(x)=——
() X+4

1
(X+AX)+4

f(X+AX) =

1 1

PO a%) - f(x):(x+Ax)+4_x+4

_ad +bc

Note: iE
d bd

a
b



1 1
(X+AX)+4 x+4

f(x+Ax)— f(x)=

_(M(x+4)- (1)[(X + AX) + 4]
- [(X+ AX) + 4][x + 4]

_ X+4-x-Ax-4
[(X+AX) +4][x + 4]

—AX
[(X+ AX) + 4][x + 4]

—AX
fx+Ax)— () _ [(X+AX) +4][x + 4]

AX AX
f(x+Ax)—f(x) —AX 1

AX _[(x+Ax)+4][x+4].Ax

f(x+Ax)—f(x) -1

AX _[(x+Ax)+4][x+4]

f(x+Ax)— f(x) -1

f'(x)=1i =i
9 el AX Al[n>0[(x+Ax)+4][x+4]

) -1 |
- [(x+0)+4][x+4] - [x+4][x+4] (X +4)?




Example 6:

Let f (x) =X +4. Find the derivative of the function f (x).

f(x)=vx+4

f(X+AX) =X+ AX + 4

f(X+AX)— f(X)=VX+AX+4 —x+4

ot: (J5) (45 + ) =(35) (5 =



f(X+Ax) - f(X) :«/X+AX+4—»\/X+4

AX AX
f (x+ Ax) — (X) («/X+Ax+4—«/x+4) (\/X+AX+4+x/X+4)
AX B (Ax) .(«/X+Ax+4+»\/x+4)

Note: (12— vb)(Va +b)=(va) () =x-y

f(x+Ax) - f(x) _ (X+Ax+4)—(x+4)

AX (Ax)(Jx+Ax+4+m)

f(x+Ax)—f(x): AX

AX (Ax)(x/x+Ax+4+\/ﬁ)

f(x+Ax)—f(x) 1

AX (\/X+AX+4+\/X+4)

£(x) = lim f(x+Ax)—f(x):Iim 1

Ax—>0 AX AX_’O(\/X+AX+4+x/X+4)

1 1

1
(x/x+0+4+«/x+4) («/x+4+\/x+4) 2\Jx+ 4




Example 7: Constant Function

Let f (x) =4. Find the derivative of the function f (x).
f(x)=4

f(X+Ax)=4

f (x+Ax)— f(x)=[4]-[4]

f(x+Ax)— f(x)=0

£/(%) = lim f (X+ Ax)— f(X)
AX—0 AX

.0
= lim —
Ax—0 AX

= lim (0)

AX—0

=1im(0)=0

AX—0

For constant function, f'(x) =0.



Example 8:

Let f (X) = x. Find the derivative of the function f (x).
f(x)=x

f (X+ AX) = X+ AX

f (x+Ax) — f(x) =[x+ Ax]—[x]

f (X + AXx)— f(X) = AX

£1(%) = lim f (Xx+ Ax) — f(X)
Ax—0 AX




Example 9:

Let f (x) = x*. Find the derivative of the function f (x).
f(x)=x"

f (X + AX) = (X + AX)* = X° +2x-Ax+(Ax)2
f(x+Ax) - f(X) :[x2 +2x-Ax+(Ax)z}—[x2]

f (x+AX) — f (X) =2x-Ax+(Ax)2

£(x) = lim f(x+ Ax)— f(X)
Ax—0 AX

2x-Ax+(Ax)2

= lim
AX—0 AX
[ 2x-ax (Ax)
= lim +
AX—0 AX AX

=lim (2x+ Ax) = lim (2x+0) = 2x

AX—0 AX—0



Example 10:

Let f (x) = x°. Find the derivative of the function f (x).
f(x)=x

f (X+ AX) = (X + AX)® = (X + AX)* (X + AX)
= [ X 2 A (Ax)" [ (x+ %)
= %° 4+ 2x2 - A+ X(AX)” + X2 - Ax + 2x- (AX)” + (Ax)’
=% +3x% - Ax + 3% (AX) +(AX)’
f(x+AX) = f(x) = [xs +3x% - AX + 3x (AX)’ +(Ax)3}—[x3]
f(x+AX) — F(x) =3x% - Ax+3x(Ax)” + (AX)’

£1(x) = lim f (Xx+ Ax)— f(X)
Ax—0 AX

i 3x° -Ax+3x(Ax)2 +(Ax)3
N A)!TO AX

2 2 3
= im 3x .Ax+3x(Ax) +(Ax)
AX—0 AX AX AX

= lim (3x2 + 3XAX + (Ax)2 ) = lim (3x2 +3x(0) + (O)2 ) = 3x°

AX—0 AX—0



Summary:

For f (x) =c (constant function), f'(x) =0
For f (x) = x (constant function), f'(x) =1
For f (x) = x* (constant function), f'(x) =2x
For f (x) = x® (constant function), f’(x)=23x"
For f (x) =x* (constant function), f'(x) =4x’

For f (x) = x> (constant function), f’(x) =5x"

In general:
Let f (X) = x". Find the derivative of the function f (x).

f'(x) =nx""



