Derivative and Slope of Tangent Line

m = Slope of Tangent Line at ¢ = lim fle+a)—-1(c)
AX—0 AX

Example 1: Let f (x) =3x* - 2.

Find the slope of the tangent line at x =1 or the tangent line passing through (1,1).
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tangent line at x=1




f(x)=3x2 -2

f(c)= f(1)=3(1)>-2=1 Note: When x =1,y =1
f(c+Ax) = f(L+Ax) =3(1+Ax)" -2

f(C+AX) = 3[12 + 2()(AX) + (Ax)z] 2

f(C+AX) =3+ B6Ax +3(Ax)’ — 2 =1+ 6Ax+3(Ax)’

f(c+AX) - f(c)= [1+ BAX +3(Ax)2} —[1] = 6AX + 3(Ax)’

f(c+Ax)— f(c) _6AX+3(AX)" _ 6AX N 3(Ax)’

AX AX AX AX
f(c+Ax) - f(c) 64 3Ax
AX

slope of tangent line = lim fle+a)-1(e) _ lim (6 +3Ax)=6+3(0) =6

AX—0 AX AX—0
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Equation of Tangent Line:y —y, =m(X—X,)
Line contains (1, 1) and has slope of 6.
y=Yy,=m(x—x)

y—-1=6(x-1)




Example 2: Let f (x) =3x° - 2.

Find the slope of the tangent line at x =0 or the tangent line passing through (0, -2).

f(x)=3x*-2
f(c)=f(0)=3(0)"-2=-2 Note: When x =0,y = -2

f(c+Ax)= f(0+Ax)=3(Ax)" -2

% v : * f(c+AX) = B(Ax)2 -2
| f(c+ax)- () =|3(ax)" - 2]~ [-2] =3(Ax)

fc+Ax)—f(c) 3(Ax)
AX AX

= 3AX

: . f AX) — f .
slope of tangent line = lim (c+ax) - T(c) = lim
Ax—0 AX Ax—0

(3Ax) =3(0) = 0

Equation of Tangent Line: y =-2



Example 3: Let f (x) =3x* - 2.

Find the slope of the tangent line at x = —1 or the tangent line passing through (-1, 1).
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f(x)=3x% -2

f(c)=f(-1)=3(-1)?-2=1 Note: When x=-1,y =1
f(C+AX) = f(-1+Ax) =3(-1+Ax)" -2

f(C+ AX) = 3[(—1)2 T+ 2(~1)(AX) + (Axﬂ 2

f(C+AX) = 3—6Ax +3(Ax)" -2 =1-6Ax +3(Ax)’

f(c+Ax)-f(c) = [1— BAX + S(Ax)ﬂ —[1] =-6Ax+ B(Ax)2

fc+An)—f(c) _-6Ax+3(Ax)" —6Ax 3(Ax)’

AX AX AX AX
fe+M)=F(©) ¢ o

AX
jim LCFA=TO) _ iy (C643a%) = 6.+ 3(0) = -6

AX—0 AX AX—0
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Equation of Tangent Line:y —y, =m(x—x,)
Line contains (-1, 1) and has slope of -6.

y =Y =m(X-Xx)

y—1=-6(x—-1)

y—1=-6(x+1)



Example 5: Letf (Xx) = 1 .
X+4

Find the derivative of the function f (x) = f'(x) = AIimO

1
f(X)=——
() X+4

1

f(X+AX) =
(X+AX) +4

1 1

f(x+ Ax)— f(X)

PO A =10 = (X—|—AX)—|—4_X+4

E_ad +bc
d bd

Note: +

a
b

AX



f(Xx+Ax)— f(x)= 1

1 —

DX +4) = Q[(x+ Ax) + 4]

(x+Ax)+4_x+4 [(x+ AX) + 4][x + 4]
X+4—-X—Ax—-4 —AX
= [(x+ AX) +4][x + 4] B [(x+ AX) +4][x + 4]
—AX
F(x+AX)— F(x)  [(x+AX) +4][x+4]
AX a AX
f(x+Ax)—f(x) _ _AX 1
AX C[(x+Ax)+4][x + 4] Ax
f(x+Ax)—f(x) 1
AX - [(x+ Ax) + 4][x + 4]
o FXFAX) - F(X) 1
f(X)_AIanO AX _Allino[(X+Ax)+4][x+4]
_ -1 _ -1 B -1
_[(X+O)+4][X+4]_[X+4][x+4]_(X+4)2



Example 6: Letf(x)=+x+4

M f(X+ AX)— f(x).

Find the derivative of the function f (x) = '(x) = lim A
X—> X

f(x)=x+4

f(X+AX) =X+ AX + 4

F(X+AX)— F(X) =X+ AX+4 —/x+4

Note: (ﬁ—ﬁ)(ﬁ+\/§)=«/§«/§—ﬁﬁzx— y



f (X +Ax) - f(X) :\/X+AX+4—x/X+4

AX AX
f (X +AX) — f(X) (M—\/x+4) (\/X+AX+4+M)

AX - (Ax) .(x/x+Ax+4+x/x+4)
f (X +AX) = f(X) :\/X+Ax+4\/x+Ax+4—«/x+4\/x+4

AX (Ax)(x/x+Ax+4+x/x+4)
f(x+Ax)—f(x) _ (Xx+Ax+4)—(x+4)

AX (Ax)(x/x+Ax+4+«/x+4)
f(x+Ax)—f(x): AX

AX (Ax)(\/x+Ax+4+«/x+4)
f(x+Ax)—f(x): 1

AX (x/X+AX+4+x/X+4)
£(x) = lim f(x+Ax)—f(x):Iim 1

A0 AX AHO(x/x+Ax+4+x/x+4)

1 1 1

(«/x+0+4+«/x+4) (Jx+4+Jx+4) 2Jx+4




Example 7: Letf(x) =4 Constant Function

Find the derivative of the function f (x) = f'(x) = AIim0 Flx+ AAX) — ) .
X—> X

f(x)=4

f(x+Ax)=4

f (x+Ax)— f(x) =[4]-[4]
f(x+Ax)-f(x)=0

£1(x) = lim f(x+ Ax)— f(X)
Ax—0 AX

= Iim1 = lim (0) =1im (0)=0

AXx—0 AX AX—0 Ax—0

For constant function, f'(x) = 0.



Example 8: Letf(x) = x.

Find the derivative of the function f (x) = f'(x) = AIim0 Flx+ AAX) -1 .
X—> X

f(x)=x

f (X+ AX) = X+ AX

f (x+Ax) = f(x) =[x+ Ax]—[x]

f (X + AX) — f(X) = AX

£(x) = lim f(x+ Ax) — f(X)
AXx—0 AX

. AX
= lim —
Ax—0 AX

= lim (1)

AX—0

=lim(1)=1

AX—0



Example 9: Let f (x) = x°.

Find the derivative of the function f (x) = f'(x) = lim Flx+ AAX) — T
X—> X

f(x) = x°
f (X + AX) = (X + AX)° :x2+2x-Ax+(Ax)2

f (x+ Ax) — f(x) =[x2 +2x-Ax+(Ax)2J—[x2]

f (X + AX) — f(x)=2x-Ax+(Ax)2

AX AX

— 2% - AX + (AX) . Ax )
() = lim f(x+Ax)— f(x) _ fim 2% X+ (AX) _ Iim[zx Ax+( X) J
X— AX Ax—0 AX AX—0

=lim (2x + Ax) = lim (2x + 0) = 2x

AX—0 AX—0



Example 10: Let f (x) = x°.

m f(X+ AX)— f(x).

Find the derivative of the function f (x) = f'(x) = A" 0 A
X—> X

f(x) =X
f (X + AX) = (X + AX)® = (X + AX)* (X + AX)

= | X+ 26 Ax+ (AX)" | (x+ A%)

=%+ 2x% - Ax+ X(AX)” + X2 - Ax+ 2% (AX)” + (AX)” = X%+ 3x% - Ax + 3x(Ax) +(AX)’
f (e ) = £(0) = X +3x° - Ax+ 3x(ax)" + (ax)° | [ x*]

f(x+Ax)— f(X)=3x"-AX+ Sx(Ax)2 + (Ax)3

2 2 3
£ = lim FOx+a) - F0) _ i 3x* - Ax + 3x(AX)” + (Ax)
AX—0 AX AX—0 AX
3x* - AX . 3x(Ax)  (Ax)’

m +
Ax—0 AX AX AX

= lim (3x2 + 3XAX + (Ax)z) = lim (3X2 +3x(0) + (0)2) =3x°

AX—0 AX—0



Summary:

For f (x) =c (constant function), f'(x) =0
For f (x) = x (constant function), f'(x) =1
For f (x) = x* (constant function), f'(x) =2x
For f (x) = x* (constant function), f'(x) =3x"
For f (x) =x* (constant function), f'(x) = 4x®

For f (x) = x> (constant function), f’(x) =5x"

In general:
Let f (x) = x". Find the derivative of the function f (x).

f'(x) =nx""



