Chain Rule

Example 1: Let f(x) =(3x+5)°. Find f'(x).
Using regular method:

f(x) = (3x+5)* = 9x*+30x + 25

f'(x)=9-D, (x*)+30- D, (x) + D, (25)

f'(x)=9-(2x)+30-(1)+(0)=18x+30

Using Chain Rule method:
f (x) = (3x +5)°

Letu=3x+5 = Z—U:DX(3X)+-DX(5):3+O:3
X

f(X)=(@x+5)° =u?

Note: y = f(x)

y=u’

W _o =2(3x+5)=6x+10

du

By Chain Rule: f'(x) = dy _dy du
dx du dx

f’(x)=%:[6x+1o]-[3]

f'(x) _ Y =18x+30
dx



Example 2: Let f(x) =+/3x+5. Find f'(x).
Using Chain Rule method:

f (x) =/3x+5 = (3x +5)""?

Letu=3x+5 = 3—U:DX(3x)+-DX(5):3+O:3
X

f (X) =/3X+5 = (3x +5)"2 = y*2

Note: y = f(x)
y = u1/2 — ﬂ _ £u1/2—1 _ lu—l/z —(3X + 5)_1/2
du 2 2
By Chain Rule: f/(x) = 2. - 4. U
dx du dx

f()—di { (3x+5)1’2}[3]

dy 3 10
f'(X)=——=—=(3x+5
(0 dx 2( )

dy3 1

f()_dx 2 (3x+5)2



Example 3: Let f(x)=33x*+5. Find f'(x).
Using Chain Rule method:

f(x)=%3x* +5=3x"*+5)"°

Letu=3x"+5 = 3—u:DX(?>x4)+-DX(5)=12x3+0:12x3
X

f(x)=33x*+5=3x*+5" =u"?

Note: y = f(x)
y — u1/3 — d_y — lul/3—1 — lu—2/3 — l(3x4 +5)_2/3
du 3 3 3
By Chain Rule: f/(x) = 2. - 4. U
dx du dx

' dy 1,4 23 3
f'(X)=—=|=(3x"+5 12x
0= {3( +5) }[ ]
£ = 4335t 152
dx

dy 4x°
f'(x)=—"2L=
0 dx (3x*+5)*°




Example 4: Let f (x) =/x* +5x?. Find f'(x).
Using Chain Rule method:

f(x)=x* +5x* = (x* +5x%)"*

du

Let u =x* +5x° - ==
dx

D, (x*)+ D, (5%) = 4x +10x

f (X) = ’4\/ X" +5x° = (X4 + 5X2)1/4 _ye

Note: y = f(X)
y:ul/4 — ﬂziulM—l :lu—3/4 :l(x4 +5X2)_3/4
du 4 4 4
By Chain Rule: f/(x) = 2. - 4. 4
dx du dx

! dy 1 4 2 3/4}‘ 3
f'(x)=—==| = (x" +5x 4x° +10x
) dx _4( ) L ]

f’(x):ﬂ:

1
dx |4 (x* +5x2)¥4 |:4X3 +10X]




Example 5: Letf (x) =

. Find f'(x).
(X_5)3 In (X)

Using Chain Rule method:

f(x) = ! ~=4-(x=5)"

(x-5)

du

Letu=x-5 —=D,(x)-D,(5)=1
dx

f(x)= =4. X_5_3:4_u—3

=5 g =4 09)

Note: y = f(x)

y=4-u" = ﬂ=4-[—3u-3—1]=—12u—4:-12(x—5)“‘

du

By Chain Rule: f/(x) = & = & .

dx du dx

=2 12005

dy 4
f'(x)=—=-12(x-5
()= (x-5)

f’(X)=ﬂ=—12. 1 12

dx (X—5)4 (X—5)4
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Example 6: Letf(x)=(ilj . Find f'(x).

Using Chain Rule method:

f(x):(if‘ o =64-(x-1)"

x-1)  (x-1° (x-1)
du
Letu=x-1 = asz(x)—Dx(l):lJrO:l
S (4) )
f(x):(ij = (4) == o4 3=64-(x—1)3:64-u‘3
x—1 (x-1)" (x-1)
Note: y = f(x)

_ dy 4 B 4
=64-u”° 2 =64-| -3u™" |=-192u* =-192(x -1
y=64-u? = —£=64:[-3u7"] u (x-1)
By Chain Rule: f'(x) = dy = dy

dx du dx

£/(x) = % = -192(x-1)" |[1]

dy -4
f'(xX)=——=-192(x-1
(=2 (x-1)

f’(x):ﬂz—lgz- 1 _ %
dx

(x-1)" (x-1)




Example 6: Let f (x) =cos’x. Find f'(x).
Using Chain Rule method:

f (x) = cos® x = (cos x)3

Let u = cos X = 3—U:Dx(cosx):—sinx
X

f (x) = cos® x =(cos x)3 =u’®

Note: y = f(x)
y=u® = :;I—y:BU2 =3(cosx)” =3cos? x
u
By Chain Rule: f/(x) = & = 4 .
dx du dx

f'(x) = % = [Scos2 x][—sin X]

f'(x) = dy _ —3c0s” X -sin X
dx



Example 7: Let f (x) =tan*x. Find f'(x).
Using Chain Rule method:
f (x) =tan® x =(tan x)4

Let u =tan x = Z—U:Dx(tanx):seczx
X

f (x) =tan* x =(tan x)4 =u*

Note: y = f(x)
y=u' = g_y = 4u° = 4(tan x)’ = 3tan® x
u
By Chain Rule: f/(x) = & = &Y .
dx du dx

f'(x) = % =[3tan® x || sec” x |

f'(x) = dy _ 3tan® x -sec® X
dx



Example 7: Let f (x) = (x+2)?(x—1)*. Find f'(x).

Using Product Rule:

f(x)=(x+2)"(x-1)’

f'(x)=(x+2)*-D,[ (x-1)* ]+ (x=1)° - D, | (x+2)*

Now use Chain Rule to find D, | (x-1)° | and D, | (x+2)* |:
D, | (x-1)° | =3(x=1)*- D, [x-1] =3(x=1)* - [1] = 3(x — 1)’

D, | (x+2)* |=2(x+2)-D,[x+2]=2(x+2)[1]=2(x+2)

Hence,
') =(x+2)°-D, [ (x=1)° |+ (x=1)*- D, | (x+2)* |

/() = (x+2)° [ 3(x=1)* |+ (x=1* - [2(x + 2)]
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Example 8: Letf (x) = ((X 1)2 :
X

Find f'(x).

Using Quotient Rule:

 (x+2)*-D, [ (x=1)° |- (x=1* D, [ (x+2)* |

f () 2
[(x+2)°]
(g2 2 DD |- (x-1°- D[ (42
(X+2)

Now use Chain Rule to find D, | (x—-1)° | and D, | (x+2)° |:
D, | (x-1)° | =3(x-1)*- D, [x~1]=3(x~1)? -[1] = 3(x ~1)*
D, | (x+2)* |=2(x+2)-D,[x+2]=2(x+2)[1]=2(x+2)
Hence,

(x+2)*-D,| (x-1)° |- (x=1)°- D, | (x+2)° |

= (x+2)°

(x+2)*-[3(x-1)° |- (x-1)°- D, [2(x+ 2)]
(x+2)°

f'(x) =



Example 9: Letf (x) = Find f'(x).

Using Quotient Rule:

8-, [x']- X740, [\i+4]

£'(x) =

x/x+4-DX[x2

L1
I
>
+
I
XU
—
<
+
I
L

£/(x) =

X+4

Now use Chain Rule to find D, | x* | and D, |:x/X+4i|:

D :xz]:Zx

X

D, | Vx+4|=D,[(x+4)"]= ;(x +4)".D, [x+4]

%(x+4)_“2

~ S (x+4) " 1] -
Hence,

Jx74-D,[x¢]-x+4-D,[ ¥+ 4]

o= X + 4
a2 (xa)
f'(x) =

X+4
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Example 10: Letf(x):(4_5xj . Find f'(x).
5+ X
_5x}2  (4-5x)
Note:f(x):(4 5Xj - X)2
S5+X (5+x

Using Quotient Rule:

(5+x)"D,[(4-5x)" |- (4-5x)"-D,| (5+ %)’ |
[(5+ x)z}2

(5+x)"-D, | (4-5%)"|-(4-5x)"-D,| (5+x)’ |

[5+ x]4

f'(x) =

£/(x) =

Now use Chain Rule to find D, [(4 — 5x)2} and D, [(5 + x)z]

D, | (4-5x)" |=2(4-5x)- D, [4-5x] =2(4 ~5x)-[-5] = ~10(4 - 5x)

D, | (5+x)" |=2(5+x)-D,[(5+x)]=2(5+x)-[1] = 2(5+X)
Hence,

(5+x)"-D, | (4-5%)"|-(4-5x)"-D,| (5+Xx)’|

[5+ x]4

f'(x) =

(5+x)°-[-10(4-5x)]-(4-5x)" -[2(5+X)]
[5+x]’

£/(x) =



Example 11: Let f(x)=coszx. Find f'(x).
Using Chain Rule:

du

Letu=7zx =—=n7x
dx
dy . :
y=f(x)=coszx=cosu = d—:—smu:—sm7zx
u
= =W N G ax][x] = —rsin X



Example 12: Letf(x):cos(Sx)z. Find f'(x).

Note: cos(5x)2 is not the same as cos® 5x

Using Chain Rule:

Letu=(5x)"=25¢* = ‘;—” = 50x
X

y=f(x)=cos(5x)" =cosu = ﬂz—sinu:—sin(25x2)

du

dy dy du _

f'(x) = e d [—sin(Zsz)}[SOX] = —50xsin(25x2)




Example 12: Let f (x) =10sec® x. Find f'(x).

Using Chain Rule:

f (x) =10sec® x =10(sec x)3

du
Let u =secx :>d—=secx-tanx
X

y = f(x)=10(secx)’ =100° = j—y = 30u® = 30(secx)’
u

dy _dy du

f'(x) =
() dx du dx

= [BO(sec x)2 } [sec x - tan x] = 30sec’ x - tan x



Example 13: Let f (x) =10sin*(5x—7). Find f'(x).

Using Chain Rule:
f (x) =10sin?(5x — 7) =10[sin(5x — 7) |’
Letu=sin(bx-7) = (:I_i =cos(bx—-7)-D, [5x—7]
= cos(5x—7)-[5] =5cos(5x - 7)

y = f(x) =1O[sin(5x—7)]2 =10u* = j—y =20u = 20(sin(5x—7))2
u

dy dy du

f'(x)=
() dx du dx

_ [Zo(sin(Sx— 7))2J[5cos(5x—7)]

=100(sin(5x — 7))’ cos(5x - 7)



