Calculus | Section 5.8 Notes

Hyperbolic Functions

sinhx = > —° coshx =2 +° tanhx=smhx
2 2 cosh X
1 cosh X

csch X = sechx = cothx =

sinh X cosh X sinh X



Recall:

-D, (Expr)



Derivative of Hyperbolic Functions

Recall:

D, (sinh x) = DX(

D (eExpr) _ eExpr .
X

et —e™”

2

Simularly:

D, (cos

1x) =sinh x

D, (tan

N1X) = (sechzx)

D, (Expr)



Chain Rule:
Chain Rule:
Chain Rule:
Chain Rule:
Chain Rule:
Chain Rule:

)-D
cosh (Expr) | =sinh(Expr)- D

. (Expr)

. (Expr)

sech” (Expr)- D, (Expr)

—csch (Expr) - coth (Expr)- D, (Expr)
—sech (Expr)- tanh (Expr)- D, (Expr)
—csch? (Expr)- D, (Expr)



limsinh X = o

X—>0

f(x) = sinh(x)
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Let f (X) =sinh(7x). Find f'(x).
Chain Rule: D, | sinh(Expr)|=cosh(Expr)D, (Expr)
f'(x) = cosh(7x) D, [7x]=cosh(7x)-(7)



Let f (x) =sech(5x2 +8). Find f'(x).
Chain Rule:
D, [sech (Expr)] = —sech ( Expr)- tanh (Expr)- D, (Expr)

f'(x) = —sech (5% +8)- tanh (5x* +8)- D, (5x* +8)

/ . ( 2 \ ( 2
f'(x) = —sech (5% +8)-tanh (5x* +8)- (10x)



Let h(x) = %cosh(le) —g. Find h'(x).

1 X 1 1
h(x) = —cosh(15x) — — = —cosh(15x) — — x
(X) 5 (15x) 55 (15x) 5

Chain Rule: D, | cosh(Expr) | =sinh(Expr)D, (Expr)
'(x) = %[sinh (Expr) D, (Expr)] _%

'(x) = %[Sinh (15x) D, (15x) | _%

'(x) = %[sinh (15%)(15)] _%

15 . 1
h'(X) = —sinh(15x)——
(X) > sinh (15x) >



Let y = arctan (sinh x). Find equation of tangent line (0, 0).

Chain Rule: D, | arctan(Expr) | = L ~-D, (Expr)
- ~ 1+(Expr)
Chain Rule: D, | sinh(Expr)|=cosh(Expr)- D, (Expr)
1 1 .
a) y'= -D, (Expr)= D, (sinh x
) Y 1+(Expr)2 «(Exr) 1+(sinhx)2 3 )
= L cosh x)
1+ (sinhx)
b) Slope of tangent line = y'(0) = 1 —-(cosh x)
1+ (sinhx)
1 1
= -(cosh0)=——--(1)=1
1+ (sinh0)’ ( ) 1+0 )

c) Equation of tangent line: y—y, =m(x—X,)
y—0=1(x-0)



Lety=cosh(9-x*)  Find equation of tangent line (3, 1).

Chain Rule: D, | cosh(Expr) |=sinh(Expr)- D, (Expr)
a) y'=sinh(Expr)-D, (Expr)=sinh(9-x?)-D,(9-x*)
=sinh (9 —~ xzj -(—2x)
b) Slope of tangent line = y'(3) = sinh (9 - x*)- (-2x)
=sinh(0)-(-6)=0
c) Equation of tangent line: y—y, =m(X—x,)
y—1=0(x-3)




Anti Derivative for Hyperbolic Functions

| coshudu =sinhu +C

| sinhudu =coshu +C
jsechzudu =tanhu +C
jcschzudu =—cothu+C
jsechu tanhudu = —-sechu +C

jcsc hucothudu =—-cschu+C



Find j sinh 2xdx.

Let u =2X

d—u:Z = du=2dx = Edu:dx
dx 2

jsinh 2xdX = jsinhuldu — Ejsinh udu = E[(:osh uj
2 2 2

= %[cosh 2x]+C



Find [sech?(1 - x)dx
Hint: Letu=1 - X

du
dx
j sech?(1 - X)dx =j sech? (u) (~1)du = (1) j sech?(u)du

=(-1)[tanhu]=(-1)[tanh (1 - x)]|+C

=-]1 = du=-1dx = -ldu=dx



[ csch? (5x —10)dx.
Hint: Letu=5x-10

C—U:S = du=5bdx = %du:dx
C

jcschz(Sx —10)dx = jcschz(u)ldu :chschz(u)du

;[ cothu]= [ coth (5x - 10]+C



Find j ! dx
0\/9—X2 |

Recall:j 1 du :arcsin(EjJrC
Ja? —u? a

Leta®*=9: a=3 Letu’=x* u=x

du — =1 du=dx
dx

I\/g = dx = I\/a — du :arcsin(gj:arcsin(gj

X * . (4 .
j\/g arcsm(gj =arcsm(§j—arcsm(0)
X 0




Inverse Hyperbolic Functions
f (x) =sinh x f1(x):sinh1x:ln(x+x/x2+1)
f (x) = cosh X f‘l(x)zcosh‘1x=ln(x+\/x2—1)

1+ X
f (x) = tanh x ft(x)=tanh™ x_—In
(9 ( ) 2 (1 xj

f (x) = coth X £ (x) = coth" x_lln(“lj
2 \x-1

f 2
f (x) = sechx fl(x)zsech1x=ln(1+ L+X j

X
+x/x2+1J

X

f (x) = cschx f*(x)=csch™x = In(l
X



Prove: y=sinh™ = In(x+ VX2 +1)

X —X

—€
2

y =sinhx = &

Finding inverse function:

el —eg’
X = 5 = e'—e?=2x = e’-2x-e"7=0

— e¥ey —2xe¥ —eVe¥ =0 = e¥ —2xe’ —-e’=0

(e’ )2 —2xe’ —1=0 is of quadratic form.



Prove: y=sinh'1:In(x+x/x2+1) con't

Using Quadratic Formulawith a=1, b=-2x; c=-L

_ —b ++/b? — 4ac _ 2X + \4x2 + 4 _ 2xi2\/(x2 +1)

ey
2a 2 2
ey =x++/x*+1
Iney = In(xJ_rx/x2 +1); Note e’ >0; "—" Is extraneous.

y = In(x+ \/ﬁ)
= (x) =sinh™x = In(x-+ X +1)



Letf ()= sinh™x =In(x+\>" +1). Find f'(x).
D, [sinh*x | = DX[In(x+x/x2+l)J= . DX(
“+1

X+NX

B 1 [1+ X }_ 1 X2 +1
X+ X2 +1 X“+1) X+x*+1 X° +

i)
(e 1)V 1) Ve




Derivative for inverse hyperbolic functions:

1

D, [sinhlu]:\/ﬁDx(u) D, | cosh™u | = = _1Dx(u)
D, | tanh™u | = 1—1u2 D, (u) D, | coth™u | = 1—1u2 D, (u)

D, | sech™u | =




y =sinh™ (15x)
1

\/(Expr)z +1

1

J(15%)° +1

Chain Rule: D, [sinh‘l(Expr)] = -D, (Expr)

1

\//( Expr)2 +1

1
- (15
J225%% +1 (15)

Find y' =

-D, (Expr) =

D, (15%)




Lety =7x-coth™(5x).  Find y"

Chain Rule: D, | coth™ (Expr) |=

yl

yl

y!

1
1—(Expr)

- D, (Expr)

2

(7x) PX (coth™ (5x)) + (coth‘_l (5x)) D, (7x)

(7%)

(7%)

(7%)

| 1—(Expr)

| 1-(5x)"

1

1

1—(5x)

5

2

2

—- D, (Expr) +(coth‘1(5x))(7)

D, (5x) | +(coth™ (5x))(7)

+ 7 coth™ (5x)



