Integration By Parts
Letu=f(x) and v=g(x)

Example: u=3x* and v=4x+5

Hence, u’' = f'(x) and v'=g'(x)
du dv
— = f'(x — = f'(x
dx (0 dx )
du=dx- f'(x) dv=dx- f'(x)
du =u'dx dv = v'dx
a4 u-v]=u i[v] + vi[u] =u dv + vd—u Product Rule for Derivative
dx- - dx dx dx  dx
d, : ,
—[u-v]l=u-v'+v-u
dx- -

i u-vidx = [u-vidx+ [v-u'dx
dx .

u-v:_fu-dv+ [v du

ju dv=u-v-[vdu Integration By Parts Formula



Example 1:

jx-lnxdx

Note: jx-Inxdx=f|nx-xdx=jlnx-xdx

dv

Letu=1InXx and dv = xdx
du 1
— == dv = | xdx
dx x J I
du:ldx jldv:jxdx
X
X2
V=—
2
2 2
jlnx-xdx:fudv:uv—_[vdu:Inx-X—— X—-ldx
2 2 X
2
:Inx-X——ljx-dx
2 2
x? 1x°
=lnx. ——=—
2 22
X2



Example 2:
'[x -e*dx

Note: _[x-exdx=jz<-exdvx

Letu=x and dv = e*dx
du X
& =1 jdv = '[e dx
du =dx .[ldv=jexdx

V=g

Hence,

jxexdx:.fudv=uv—_[vdu = Xe” —_[exdx

=xe* —e*+C



Example 3:

Jx e dx

Note: _[x-e“xdx:_[x-e“xdx

dv

Let u=x and  dv=e"dx
du 4x
& =1 Idv = je dx
du = dx Jldv = E_[e“xdx
4
V= 194)(
4
Side Note:
For J'e“xdx:
Letu =4x

Hence, d_u =4 : du=4dx; 1du = dx
dx 4

_[e“xdx:_[e“ %du :%J'e“ -du =%e“ :%e4X




Hence,

jxe4xdx = _[udv =uv— Jvdu = xe™* — j%e“dx



Example 4.

jx«/x+8dx
Note: Ixx/x+8dx = jx - X + 8dx
u dv

Letu =X and dv = /X + 8dx
du
&:l jdv:jx/x+8dx
du = dx Ildv=j«/x+8dx

2 3/2
=— 8
Vv 3(x+ )

Side Note:

Ide :_[(x+8)l/2 dx

Let u=x+8
du _
dx

du = dx

1

3/2

j«/x+8dx:j(x+8)“2dx:j(u)“2du u C:§u3’2+C

=——+
3/2

:%(xqt8)3’2 +C




Hence,

jxx/x+8dx = judv — uv—jvdu = x(%(x+8)3/2j—j§(x+8)3/2 dx

Note:
J%(x+8)3/2 dx:g_[(x+8)3/2dx
Let u=x+8
du_g
dx
du = dx
2 3/2 2 3/2 2 3/2 2 u®'?
J‘§(X+8) dX:§I(X+8) dng-.‘(U) duzgﬁ‘FC
:g-gu5’2+C:i(x+8)5’2+C
3 5 15



Hence,

jxdx+8dx:judv:uv—jvmj:x(g(x+8fmj—j§(x+8fmdx

2 3/2 4 5/2
=X| =(x+8 ——(x+8)" +C
(50008 55000

3/2

2 4
=—x(x+8) " ——(x+8)*+C
3 ( ) 15( )



Example 5:

jxsin Xax

Note: jxsin Xdx = _[x-sin xdx
u dv

Letu=Xx and dv = sin xdx
du .
&:1 Idv:IS|nxdx
du = dx jldv:'[sin xdx

V = —CO0S X

_[xsin Xdx = judv = uv—jvdu
= x(—cos x)—_[—cos xdx
= -XCOS X + Icos Xadx

= -XCcoSX+sinx+C



Example 6:

j X2 cos xdx

Note: sz cos Xdx = sz . cos Xdx
u dv

Letu=x’ and  dv = cos xdx
d—u=2x Idv=jcosxdx
dx
du = 2xdx jldv = j Ccos xdx

V =sIin X

sz cosxdx:judv:uv—jvdu

= x*sin x—jsin X - 2xdX
Note : jsinx-Zxdx — ij-sin xdx = 2(-xcosx+sinx+C)

sz cosxdx:judv:uv—.[vdu
= x*sin x—jsin X - 2XdX
= x*sinx—2(-xcosx+sinx+C)

= Xx%sin X+ 2Xcos X — 2sin X+ C



Example 7:

jarccos Xdx = j cos * xdx

Note: j cos ! xdx = j cos * x - dX

u dv
Let u=cos™ x and  dv=dx
du 1 jdv=jdx
dx  {1-x?
-1

du = dx _[ldv = J'ldx

1—x?

V=X

arccos xdx =| cos ™ xdx = |udv =uv — | vdu
J J J J

= (cos™ x)(x)—jx




Side Note: | x dx = xdx
J ﬁ . = —!
) du
Letu=1-X"=> —=-2X; du=-2xdx; —du = —Xdx
dx 2

IX\%O‘XZJ\/:: (—xdx)= J\F( j %ju‘“z(du)
1( u? U2 5 \L/2
_ g(u_zj:u _(1-¢)

Therefore :

_[ arccos xdx = _[ cos ™ xdx = Judv =uv — _[ vdu

= (cos ™ x)(x) - (1-%° )1/2 +C



Example 9:

jxsin 3xdx

Note: jxsin 3xdx = Ix -Sin 3xdx

dv

Let u =X and dv =sin 3xdx
d—uzl fdv:jsinSde
dx
du = dx jldv = jsin 3xdx

V= —ECOS3X
3

'[xsin 3xdx = judv =uv-— jvdu

x(—lcos:%xj—j—lcos:%xdx
3 3
= —EXCOS3X +EI0033xdx

3 3

= —Excos3x+EF(sin 3X)} +C
3 33



Example 10:

je3x cos4xdx =

Note: | e** cos4xdx =| cos4dxe* dx =| cos4x - e**dx
Hf_/

u dv
Let U =cos4x and  dv=e*dx
du ; 3x
— =-4sIn4x jdv=_[e dx
dx
du = —4sin 4xdx jldv — je3xdx
v=le¥

3

e** cos4xdx =| cos4xe**dx = _[ cos4x - e**dx
o o —

u dv

e cos4xdx =[udv =uv — jvdu
= (cos 4x)(l e j — fie3X (—4sin 4xdx)
3 3

-1 cos4x)(e* +ﬂ e>* (sin 4xdx
~(cosax)(e¥) + & e (sin4xcx)



jesx (sin4xdx)

Note: _[e3x sin 4xdx :J.sin 4xe** dx :_[sin 4x - e3*dx

u dv

Let u=sin4x and  dv=e*dx

du -

— =4c0s4x jdv:je dx

dx

du = 4cos 4xdx Ildv = _[e"’xdx

v=le¥
3

_[xz cosxdx:_[udv:uv—_[vdu
=(sin 4x)(£e3xj—jle3x (4cos4xdx)
3 3

= %(sin 4x)(e3X ) - %Ie“ (cos4xdx)



e** cos4xdx =| cos4xe** dx = _[ cos4x -e¥*dx
o o —

u dv

[ 63 cos4xdx =[ udv = uv — _[vdu
= (cos 4x)(1 e3xj — ﬁe:‘x (—4sin4xdx)
3 3

= %(cos4x)(e3x)+gje3X (sin 4xdx) (**)

Now we need to find je” (sin4xdx):

je” (sin4xdx) = jsln 4x - e**dx

u dv

U=sin4x— g_u =4co0s4x; du=4cos4dxdx
X

dv =e*dx = _[dv = _[e”dx; V= le3X
3
_[eBX (sin4xdx) = _[udv =uv— jvdu
= (sin 4x)(1 e j — Ile” (4cos4xdx)
3 3

= %(sin 4x)(e3X ) . %je” (cos 4xdx)



Hence: Continue from (**)

[ & cos 4xdx =%(cos ax) (e ) + g & (sin4xdx) (from above)
J cosaxcx = = (cosx) (&) + %E(sin x)(e” )~ 2 e (cos 4xdx)}
6" cos axcx = %(cos4x)(e3x)+ g(sin ax)(e™) - % e (cos 4xdx)
1] ¢ cos Axdx + % e (cos 4xdx) = %(cos4x)(e3x )+ g(sin ax) (e

14 %jj‘esx cos4xdx = %(cos4x)(esx ) + g(sin 4X)(93X)

%jj‘em cos 4xdx = %(cos 4x)(e3X ) + g(sin 4X)(esx)

[e¥ cos axdx = (%JE(COS 4x)(e> )+ g(sin 4x) (™ )}



