Partial Fractions

Review:

j dx = In|x|+C; j—dx In
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Example 1: Find the indefinite integralj —dX
X —
Decompose
PO 4
5 5 A B

X¥—4 (x+2(x-2) (x+2)  (x-2)

5 _A(X-2)+B(x+2)
(X+2)(x=2)  (x+2)(x—2)

5=A(x-2)+(x+2)B

=1In|x—a|+C
b

Letx=2: 5=A(X-2)+(x+2)B < 5=A(0)+(4)B < B=5/4

Letx=-2: 5=A(X-2)+(x+2)B<=5=A(-4)+(0)B<= A=-5/4

5 5 __A B
=4 (x+2)(x=2) (x+2) (x—-2)

5 5/4 —5/4

= +
X* =4 (x+2) (x-=2)

5 | 5/4 5/4
-[x2—4 X:J(x+2) I(x 2)

J.%dx=—J.de+_—j—dx
X°—4 47 (x+2) 47 (x-2)

leidx:ﬁln|x+2|—§ln|x—2|+c
-4 4 4



Example 2: Find the indefinite integral _[—dx

X*—4x+3
Decompose ———:
P X —4x+3
5x 5X A N B
x> —4x+3 (x=3)(x-1) (x=-3) (x-1)
5X _A(X=-1)+B(x-3)

(x=-3)(x-1)  (x-3)(x-1)
Letx=1: 5x=A(x-1)+B(x-3)<5=A0)+B(-2) < B=-5/2
Letx=3: 5x=A(Xx-1)+B(x-3)<15=A(2)+B(0) < B=15/2

5  __ 5« A B

x> —4x+3 (x=3)(x-1) (x-3) (x-1)
5x  5x 15/2  —5/2

X°—4x+3  (x-3)(x-1) (x 3) (x-1)
5x o= [ 1512, 15/2 j_5/2dx

x> —4x+3 (x— 3) (x-=1)

—— X dx = L 1 dx +_—5 —dXx

S X°—4x+3 (x=3) 2 7 (x-1)

25—de:§|n|x_3|_§m|x_1|+c

S X°—4x+3 2 2




3 2 _
Example 3: Find the indefinite integral I4X +210); ;( 2dx
X" +3X+

If degree of numerator polynomial is greater than or equal to

degree of denominator polynomial, use long division to divide first.

4%° + 10x° — x— 2

Using long division to divide >
X" +3X+2

4x° + 10x* — X — 2—4x— - (-3x +2)
X +3x+2 (X2 +3x+2)
(-3x+2)

Now decompose ——:
(x2+3x+2)

-3x+2 = =3x+2 A N B
X +3x+2 (X+2)(x+1) (x+2) (x+1)

-3x+2  A(Xx+1)+B(x+2)
(X+2)(x+1)  (x+2)(x+1)

—3x+2=A(x+1)+ B(x+2)
Letx=-1:-3x+2=A(x+1)+B(x+2) < 5=A(0)+B(l) < B=5
Letx=-2:-3x+2=A(x+1)+B(x+2)=<8=A(-1)+B(0) < A=-8

3x+2 A B _ 8 5
(X+2)(x+1) (x+2) (x+1) (x+2) (x+1)

3 2 o
J‘4X +210X X— 2 :j4XdX ) J‘de J‘ (3X+2)
X“+3X+2 (x2+3x+2)

2 (x+2) (x+1)
=2x% - 2X + 8'[{ 1 }dx+5j{ 1 }dx
(X+2) (x+1)

=2x* - 2x + -8In|x+2|+5In|x+1|+C




1dx

Example 4. Find the indefinite integral j
x* + x°

x-1 x-1

Now decompose — =

X° +X° (x)2 (x+1) :

Note: (x)2 is a repeated factor.

x-1 x-1 A B C

= S AT
XFHxt(x) (x+D) (0 (0T (x+D)

A B Ax +Bx Ax + B
(X) (X) (x)x* X?

A . B C Ax+B C (Ax+B)(x+1)+Cx
(x)  (x)° (x+1) X (x+1) X* (X +1)

Xx—1=(Ax+B)(x+1)+Cx’

Letx=-1 = x-1=(Ax+B)(x+1)+Cx’ = (-1)-1=(A(-1) + B)(0) +C(-1)’= C=-2
Letx=0 = x—1=(Ax+B)(x+1)+Cx* = (0)-1=(A(0)+B)(@1)+C(0)’ =-1=B
Letx=1 = x-1=(Ax+B)(x+1)+Cx?=0=(A+B)(2)+C

2A+2B+C=2= A=2

—dx + —dx
(X) (X) o

= 2In\x\+1—2In\x+1\+C
X



: P X —x+9
Example 5: Find the indefinite integral J.ﬁdx
(X" +9)
X*-x+9 Ax+B Cx+D
2 2 T2 + 2"
(x*+9) X" +9 (x2+9)

Now decompose

xX?-x+9 Ax+B Cx+D _(Ax+ B)(x2+9)2+(Cx+ D)(x2+9)

(C+OF K+ (o) (x° +9)(x" +9)
(Ax+B)(x*+9)+(Cx+D)
(x2+9)2

x> —x+9=(Ax+ B)(x2+9)+(Cx+ D)

x> —x+9=Ax>+Bx*+(9A+C)x+ (9B + D)
A=0;B=1D=0,C=-1

dx

X —X+9 Ax+B Cx+D
I(x2+9)2 g dX+J(Xz+9)Z

dx

Ox+1 -1x+0
:jx2+9dX+J.(Xz+9)2

1 X 1 X 1
:sz+9dx—j(xz+9)2dx:§arctan£§j+2(X2+9)+C



Note:

For J'%dx, use Formula #23.
X°+9

Forj —dx: Letu:x2+9:>du:2xdx:>%du:xdx

x? +9)

IWX:I(Xzig)ZWI gl (] 33




Example 6: Find the indefinite integrallef 1
X —

X X _
16x° -1 (2x-D@x+D)(@x2+1)

Now decompose

X X A N B +Cx+D
16x* -1 (2x-D@2x+1)(4x*-1) (2x-1) (2x+1) (4x*+1)

CARX+D)(4AX° -1+ B(2x-1)(4x* - +C(2x -D)(2x +1)
- (2x —1)(2x +1)(4x% +1)

X = AX+1)(4x* =1) + B(2x —1)(4x* +1) + C(2x —1)(2x +1)

Letx=21 = AR +DAR) -1+ BR() - DA +D+C2R) -D2(2) +D)
A=l
8

Lotx=—: -2 = AR(-3) + DA D+ BR(-H) -DEA’ +D+ (-3 -2 +1

B=

|

Letx=0: % = A(2(0) +1)(4(0)? —1) + B(2(0) —1)(4(0)2 +1) + C(2(0) —1)(2(0) + 1)
A-B-D=0=D=0

Letx =1: % = AQ2(D) +1)(41) —1) + B2(1) —1)(4(1) +1) + C(2() ~1)(2(1) + 1)

C=-=
2

[ X[ 2| K+ [XrD gy
16x" -1 J(2x-1) (2x+1) (4x° +1)
J' 1/8 J- 1/8 J- (1/2)X+0
(2x-1) (2x+1) (4x° +1)

S e



2
Example 7: Find the indefinite mtegraIJ‘ 4x 1dx
X2+ x> =X —

Note: x* + x> —x—1=x*(x+1) =1(x +1) = (x + 1)(x* - 1)

4% 4x> A B C
Now decompose = =

3 2 o 2 + + 2
X+ X =x-1 (x-D(x+1)° x-1 x+1 (x+1)

_ A(XX+D)*+B(x+D(x-1)+C(x-1)
B (x—1)(x +1)>

4x* = A(X+1)* + B(x+1)(x-1) + C(x-1)
Letx=-1: 4(-1)%=A(0)? + B(0)((-1) 1) + C((-1) ~1) = C = -2
Letx=1: 4(1)? = A(2) + B(2)(0) + C(0) = A=1

Let x =0:4(0)° = A()? + B()(-1) + C(-1) <> 0=A-B-C < B=3

jx +;1Xz dx = j—dx+j—dx+

Note: For I( _21)2 dx,
X+

letu=x+1 = du=dx

-1
.[ ~ zdx_ _22 dU:—ZJu_Zdu:_zu_zzu—lzg 2
(x+1) (u) ] ;



