Section 9.2 Infinite Series

Let a, =2n.

Terms of Sequence a,: a =2; a,=4; a,=6; a, =8; a, =10; a, =12; ...

Infinite Series: > 2n=2+4+6+8+10+12+:-:

n=1

Sequence of Partial Sums:
S,=q=2

S,=a,+a,= 2+4=6
S;=a+a,+a,= 2+4+6=12
S,=a,+a,+a,+a,= 20
S;=a,+a,+a,+a,= 30
S;=a +a,+a,+a,= 42

S,=a,+a,+a,+a, = 56
S,;=a, +a,+a,+a, +---+4a,

S$.,S,.S,.5,.S,,S.S,,-++, S, -+ Is called Sequence of Partial Sums.

Note: lims, =Y 2n=2+4+6+8+10+12+-

n=1



Let a, :(gj :
5

Terms of Sequence a,: a =

BRSORCHRTERS

s $(2]-(2]-(2]-(2] (3 2] {F -

Sequence of Partial Sums:

2N (2 (2) (2) (2) [(2Y
SO 1 RV B BN BN

Sl,32,83,84,85,86,87,°”,Sk,”'

Note: limS, :Z(éj :(g

k —o0 oy

is called Sequence of Partial Sums.
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Geometric Sequence

Geometric Sequence Review:

n—o n—o 5

Let a, :[éj . Thenr=2/5. lima, = Iim(g) =0 because r is between -1 and 1.

n—o0 nN—o0

Let a, :(—gj . Thenr=-2/3. lima, = Iim(—gj =0 because r is between -1 and 1.

Let a, =(5/2)". Thenr=5/2. lima,=1im(5/2)" = because r > 1.

n—o0 n—o0

Let a, =(-5/4)". Thenr=-5/4. lima, =lim(-5/4)" diverges because r <-1.

n—oo n—oo



Geometric Series

Show that the series Z@j converges to %

n=1

The series Z(%) is called a Geometric Series of the formz re

n=1

sERORGRARENGRORS

1
The first term of the series is a = (éj = @J

n=1

r=2/5

Geometric Series Theorem states that if r is between -1 and 1, then

w(zj” a 2/5 2/5 2
E — converges to = = —
~\ 5 1-r 1-2/5 3/5 3

Show that the series ZGJ converges to 4.

n=0

The series ZG) is called a Geometric Series of the formz r’
n=0

n=1
35 -(G)3)-() E) () E) +()-
=\ 4 4) \4) \4) \4 4 4 4) 7
3 0
The first term of the series is a = (Zj =1

r =common ratio =3/4

Geometric Series Theorem states that if r is between -1 and 1, then

- (3) a 1 1
D= converges to = = =4
~\ 4 1-r 1-3/4 1/4



Geometric Series

Show that the series ZGJ diverges.
n=0

The series ZG) is called a Geometric Series of the formz r’
n=0

n=1
35 -3 () () () ) ()
=\4 4) \4) (4) (4 4 4 4)
5 0
The first term of the series is a = (Zj =1

r =common ratio=5/4

Geometric Series Theorem states that if r is not between -1 and 1, then

Z(Ej diverges to co.
n=0 4

Show that the series " (—1.04)" diverges.

n=0

The series Z(—1.04)n is called a Geometric Series of the formz r"

n=0 n=1

S (~1.04)" = (~1.04)° +(~1.04)" +(~1.04)° +(-1.04)’ + (~1.04)" + (~1.04)° +(~1.04)" + .

The first term of the series is a = (—1.04)O =1
r = common ratio =-1.04

Geometric Series Theorem states that if r is not between -1 and 1, then

i(—l.04)n diverges.

n=0



Geometric Series

Show that the series > 7(0.15)" converges.

n=0

The series 27(0.15)n is called a Geometric Series.

n=0

i 7(0.15)" = Zw: 0.15)" [ (0.15)" +(0.15) +(0.15)° +(0.15)" +(0.15)" +(0.15)° + (0.15)" +

The first term of the series 2(0.15)n isa=(0.15) =

n=0

r = common ratio =0.15

Geometric Series Theorem states that if r is between -1 and 1, then

>°(0.15)" converges ! 1 _20
s 1-r l 015 0.85 17

Therefore, »°7(0.15)" converges to 7[%} _140

17



Geometric Series

Show that the series i(l)n diverges.

n=0

The series Z(l)n is called a Geometric Series.

g(l)” = g(l)” =@ (@) + @+ + (@) (@) @)+ =0

Therefore, the series Z(l)n diverges to co.

n=0

Show that the series i(—l)n diverges.

n=1

Hence the series Z(—l)n oscillates between 0 and -1.
n=1

Therefore, the series »'(-1)" diverges.

n=1



Telescoping Series

Show that the telescoping series Z

lima, —|um(1—ij=o

Note:
n—o n—wo\ N n+1
1 1 1 1 1 1
1 2 % 2 3 3 4’
1 1 1 1
a_, = - - -7
k-1 k-1+1 k-1 Kk
1 1
a=————
k k+1
S,=a+a,+a,+---+a,_, +a
1 1 1 1 1 1
S, =|-—— S — S —
1 2 2 3 3 4
1

n=1

n

Z(———j— lims, _I|m£1—L
n+1l) ko= k>0 k+1

(571
— ——— | converges.
— n+1

(i)

j 1-0=1



Telescoping Series

n+3
n+4

Note: Iiman:IimIn(n—JrSj:In |im{”L3} —In1) =0
n—o n—o n+4 n-o|l Nn+4

ETJrjj:In(n+3)—ln(n+4)

a, =In(4)-In(5); a,=In(5)-In(6); a,=In(6)-In(7);

a_,=In(k-1+3)—In(k-1+4)=In(k +2)—In(k +3)

a, =In(k+3)—In(k+4)

S,=a,+a,+a,+--+a,_,+a

S, =(In(4)=In(5))+(In(5)—In(6))+(In(6)—In(7))+---+(In(k +2) = In(k +3))+(In(k +3)—In(k + 4))
S.=In(4)-In(k+4)

iln(n—wj: limS, =lim[In(4)—In(k +4)]|=In(4)-In(0)=—o0

oy n+ 4 k—o k—o

Show that the telescoping series Zln( j diverges.
n=1

Note:ln(

Therefore, Zln[n—”J diverges to — oo,
= \n+4

Note: Even though lima, =0, Zln(n—jj still diverges to — oo,
n—oo h—1 n +



Telescoping Series

Show that the infinite series Z converges to %

1
f(n+1)(n+2)

Using Partial Fraction Decomposition: L L

(n+l)(n+2):n+1_n+2

= (1 1 1 1) (1 1) (1 1) (1 1
B R B L)
= (n+1)( n+2) ~\n+l n+2 2 3 3 4 4 5 5 6
(1 1) (1 1) ( 1 1 ]
Y [— P oot —
6 7) 7 8 (k-1)+1 (k-1)+2

i
+ - +
K)+1 (k)+2

S, = Sum of the first kth terms = a, +a, +a, +a, +---+a,

xRN

R A Jo1o1
K-D+1 k-D+2) ((K)+1 (K)+2

MS

1 1

2 k42

k

< 1 (1 1 : . (1 1 1 1 1
Therefore: = —— ——~ |=limS, =lim| = - —— |== - ===
Sreore Z‘(n+1)(n+2) nzzi‘(n+l n+2j o " km(Z k+2j 2 o 2




Telescoping Series

Show that the infinite series Z

1
to —.
LTy (2n+3) oG

1 U2 12
(2n+1)(2n+3) 2n+1 2n+3

i Z( 1/2 1/2) (1/2 1/2){1/2_1/2){1/_2_1/_2)
= (2n+1)( 2n+3) on+1l 2n+3 3 5 5 7 7 9
(1/2 1/2) (1/2 1/2j (1/2 1/2)
b=+ - + -
9 11 11 13 13 15

.+[2(k1_/i)+1_ z(kl_/12)+3J+[2(1k/)2+1_ 2(1/)2+3j .

S, = Sum of the first kth terms = a, +a, +a, +a, +---+a,

(1/2 1/2) (1/2 1/2) (1/2 1/2) (1/2 1/2j

S, = - + - + — + —

3 5 5 7 7 9 9 11
L s [
11 13 13 15 2(k-1)+1 2(k-1)+3

' ( 2 (1k/)2+ 1 2 (i/)2+ 3}

Using Partial Fraction Decomposition:

U2 12
3 2(k)+3
= 1 z( 1/2 1/2
Therefore: = _
Sretore nZ_;‘(Zn+l)(2n+3) nz_;‘(ZnJrl 2n+3j

k —o0 k~>oo

1/2 1/2 1/2 1/2 1/2 1
=limS, =Ilim - = — - _ =
3 2(k)+3 3 o0 3 6



Telescoping Series

Show that the infinite series Z

converges to 1.
“~An® -1

-1 1
2 = +
4n“ -1 2n+1 2n-1

R A M A A e
d——=> H =+ |+ =+ |+ =+
o 4An° — 2n+1 2n-1 3 1 5 3 7 5 9 7

GGl
4+ |+ et +
11 9) (13 11 2k-1)+1 2(k-1)-1

(o)
+ + +
2(k)+1 2(k) -1

S, = Sum of the first kth terms = a, +a, +a, +a, +---+a,
-1 1 -1 1 -1 1 -1 1 1 1).(-1 1
= =4 || = || == ] —+ +—
(3 1) (5 3j (7 5) (9 7) [11 9j (13 11j

[ -1 1 J ( -1 1 j
+ -t + + +
2(k-1)+1 2(k-1-1) (2(k)+1 2(k)-1

Using Partial Fraction Decomposition:

-1 -1
=1+
2(k)+1 2(k)+1

S, =

1
=+
1

Therefore: > 22 Z 1 =limS, =lim| 1+ -1 :1+£:1
~4n° -1 £ 2n+1 2n—1 koe k00 2(k)+1



Telescoping Series

Show that the infinite series Z 4
an(n+2)

converges to 3.

Using Partial Fraction Decomposition:
< 4 w(Z —2) (2 —2) (2 —2) (2 —ZJ (2 —2)
> =Y | St——=|=| S+ = |+ S+ |+ S+ — |+| =+ —
n(n+2) =\n n+2 1 3 2 4 3 5 4 6
(2 —2] (2 —2) (2 —2} (2 —2] (2 —2)

H =t — |+ =t — || =+ — || =+ — |+ =+ —

5 7 6 9 7 10 g8 11 9 12

2 -2 2 -2
+ ot + + +
((k—Z) (k—2)+2j ((k—l) (k—1)+2j

(2 ~2 j ( 2 ~2 ]
+H —+ + + +
(k) (K)+2 (k+1) (K+1)+2

S, = Sum of the first kthterms = a, +a, +a,+a, +---+a,
2 -2 2 2 2 2 2 2
=l —+— |+ +— |+| =+ — |+ +—
1 3 2 4 3 5 4 6

(2 —2} (2 —2} (2 —2) (2 —2} (2 —2]

+| -+ — |H o+ — +—

5 7 6 9 7 10 8 11) \9 12

[ 2 -2 J [ 2 ~2 ] ( 2 ~2 ]
+ ot + + + + | —+
k-2) (k-2)+2) \(k-1) (k-1)+2 k)  (K)+2

2 2
k-D+2 (k)+2

S, :Z+E+
1 2

Therefore: Z(E+_—2)_I|m8 =lim| = 2 2+ 2 n —2
=n n+2) n n+2) koo o1 2 (k=D)+2 (K)+2

n=1

:2+1+_—2+_—2:3
o0 o0



Harmonic Series

) ) 21
The harmonic series Z— =1+
n=1 n

Therefore, the series ZE diverges to oo.

n=1

1 1 1
—+=+



nth Term Test

Use the nth Term Test to show that the series 24—ns diverges.
n=1 n+

Leta, _ A

Hence, lima, = Iimﬂ —4/1=4

n— o0 n—w N 4+ 5

o .~ 4n
nth Term Test states that if lima, # 0 then the series 2—5 diverges.
N =N+

0 2
Use the nth Term Test to show that the series > 2n 5
N+

diverges.

2
Leta, =

n%+2

2

Hence, lima, =1lim =1

n—o n—o n2 + 2

n2

nth Term Test states that if lima, = 0 then the series > — 5
iad N+

diverges.



nth Term Test

Use the nth Term Test to show that the series Z(gj diverges.

n=1
Leta, = (Ej
2

Hence, lima, =lim (Ej =0 (Note: This is a Geometric Sequence.)

n—o0 n—oo

n—o0

nth Term Test states that if lima, # 0 then the series Z(gj diverges.

n=1

0 2
Use the nth Term Test to show that the series Zw

diverges.
= nN+n+4

_3n°+5n+4

Leta 5
n°“+n+4

n

: . 3n° +5n+4
Hence, lima, =lim——— =

5 3
n— o0 n>wo N +n+4

. . & 3n’+5n+4
nth Term Test states that if lima, = 0 then the series o TonT A

> diverges.
n—oo 1 N +nN+ 4



nth Term Test

What does the nth Term Test say about the series Z 4 ?
‘Zn(n+2)
Leta, = 4
n(n+2)
Hence, lima, =lim =0.
n—o n—w N (n + 2)
nth Term Test states that if lima_ =0 then the seriesz ( 2) may or may not converge.
n—co o n(n+
It was shown earlier that the telescoping series Z converges.
‘= n(n+2)
e 1
What does the nth Term Test say about the series Z ?
‘= (2n+1)(2n+3)
Leta, = L
(2n+1)(2n+3)
. . 1
Hence, lima, = lim =0.

N n>=(2n+1)(2n+3)

nth Term Test states that if lima_ =0 then the seriesz

n_)oo n=1 (Zn +1)(2n n 3) may or may not Converge_

It was shown earlier that the telescoping series Z

2 (2[’] +1)(2n N 3) converges.



nth Term Test

o0

What does the nth Term Test say about the series Z a7 1 ?
P
Leta, =—
4n° -1
Hence, lima, =lim——=0.
n—om n»o4n° —1

- & 2

nth Term Test states that if lima, =0 then the serlesz > may or may not converge.
n—oo =1 n —

It was shown earlier that the telescoping series Z —— converges.

n=1

What does the nth Term Test say about the series Zl ?
n=1 n

1
Leta, =—
n

Hence, lima, =lim 1 0.

n—oo n—oo n

nth Term Test states that if lima, =0 then the seriesz >

n—o0 n 4nc —

may or may not converge.

: . R N
It was shown earlier that the harmonic series Z— diverges.
n=1



nth Term Test Summary:

The series ) a, diverges if lima, #0.

n—o0
n=1

The series Zan may or may not converge if lima, =0.

n—oo
n=1



