Section 9.5 Alternating Series Test

Example 1

) . © _1 n+1
Use Alternating Series Test to show z( ) converges.

—~ n+8

a) Leta, -1 and show that a 1 Is decreasing.
n+8 n+8

1 1
Note: a, = P and a,,, = —9; therefore, a, , <a,
n+ n+

b) lima, = IimL:O
n—»o0 n—>o N4 8

0 _ n+1
Therefore, Z( )
= Nn+8

converges by the Alternating Series Test.



Example 2

="
on

Use Alternating Series Test to show Z converges.
n=1

a) Leta, :2—1n and show that a, = 2i” Is decreasing.

1 1
a,=—ana,, = ; therefore a , <a

n 2n 2n+1 ' n+1 n

b) lima, = lim— =0

n—oo n—oo 2

Therefore >’ (_Zln)

n=1

converges by the Alternating Series Test.



Example 3

= (-1)"(3n-1
Use nth Term Test to show Z( ) (3n ) diverges.
= (n+1)
Leta, = (3n-1)
(n+1)
: _(3n-1) _ :
lima, =lim =3 Using L'Hopital's Rule.

n—o0 n—oo (n + 1)

The nth Term Test states that if lima, =0, then the

N—o0

series diverges.

Therefore, diverges.




Example 4

Use Alternating Series Test to show Z

n=1

(D)’
n

| converges.

- therefore a_, <a

a) Leta, =i and a,,, = ; nat S
n! (n+1)!

b) lima, :Iimi:O

n—o n—wo nl

Hence, > (=1)
n=1 n!

converges by the Alternating Series Test.



Example 5

o n+l
Use Alternating Series Test to show Z%
n+

converges.
n=1

Leta_ _ and a_, = m+l v+l

n+2 (n+)+2 n+3
Toseethata,, < a,, we can look at the graphs
y = X andy = x+l

X+2 X+3
We can see that graph of y =— X +31 is below the
X+

Jx

graph ofy= —— forx >2, thereforea , < a
X+2

n+1 n-*

(Also, another way to show a_, < a, is by showing

n+1

the derivative D, (ﬂJ <0 for x >2)
X+2
Find lima_ = Iimﬂ2 =0 Using L'Hopital's Rule
n—oo n—oo n +

o (_ 1\n+l }
Hence, Z(l)—zn converges by Alternating Series Test.
n+

n=1



Example 6

Show that > )

(_4n converges absolutely.
n=1

First we need to showz (_41n) converges by Alternating
n=1

Series Test.

<a,

n+l? n+1

Leta, :in; and a, — hence, a
4 4

lima, = Iimizo.

n—oo n—>oo4
Hence, Z (_41'1) converges by Alternating Series Test.
n=1
SED"| (1Y
Next we need to show )’ 7 =>. 4| converges.
n= n=1

(=D"

n

The series

n=1

%) is a Geometric Series with r = %;

(="

n

=>.
Therefore, i :i
n=1

Geometric Series Test

%j converges.converges by

Summary: Z(_Arln) converges; and ' (_1n) converges.
n=1 n=1

Therefore, Z (_41n) converges absolutely.
n=1



Example 7

Show thatz - )1)| converges absolutely.
n=1 n

o0

First show that

n=1

Leta, = 1 ;oA = 1 , hence, a,, <a,.
(n+1)! (n+2)!
lima, =lim
n— oo X—>0 (n _|_]_)I
Hence, z converges by Alternating Series Test.
n=1

Next show that Z , converges.

"o

(n+1)I

Earlier we have shown that Z
n=1 (n +1)

converges

by Limit Comparison Test.

In summary, Z - converges absolutely
1

n
because Z - converges and
= (n+1)!

2l

= > also converges.
n=1 (

(n+1)l



Example 8

o0 n+1

Show that Z

n=1

converges conditionally.

o0 n+1

First show that Z

n=1

converges by Alternating Series Test.

1
Leta, =—; and a,, =

, hence, a, ., <a

n:

3n 3n+1
ima, = im =0

n+1
Hence, Z( ) converges by Alternating Series Test.

n+l ©
| 1) Z% diverges.
TN
= 1. : : 1 -
ZW IS a p-series with p = 5; therefore it diverges.
n=1 n
& (-D)°
In summary,
( n+l

i n™ converges but i
n=1 % n=1

= 1
ZW iverges.
n=1




Example 9

)n+ln2

Show that the series Z(_l—z diverges.
n=1 (n + 5)

2 2
lima, =lim > = lim— =
n—>eo n>=(n+5)° n>en®+10n+25

Hint: Use L'Hopital's Rule

The nth Term Test states that if lima, =0, then series

n—oo

n+l .2
n

i 2 (-1 i
diverges. Therefore, » ~——~—— diverges.
: 2 gy Gvers



Example 10

Show that Z (=1 converges absolutely.
n=1 n+ 1)'
First show that Z - . converges by Alternating Series Test.
n=1 .
Leta, = ;anda,,, = L __ 1
(2n +1)! (2(n+1)+1)! (2n+3)!
lima, =lim
X—>00 X—>00 (2n 4 ]_)I
Hence ) converges by Alternating Series Test.
=~ (2n+1)!

o0

Next show that Z

n=1

=> converges.
(2n 1!

n=1

(2n +l)I

0

Earlier we have shown that Z
n=1

by Limit Comparison Test.

=> converges
(2n 1!

n=1

(2n +1)I

0 (_1)n
In summary, converges absolutely because
y Z_;‘ 2n+1)! J y
> ) converges and »’ =>
= (2n+1)! p— (2n+1)I nl(2n+1)I

also converges.



