Calculus Il Section 9.8 Notes

Ratio Test:

n+1

<1, then ) a, converges.

n n=1

If lim|2

N—0o0 a

If lim

N—o0

1> 1, then ) a, diverges.
n=1

If lim

N—o0 a

=1, then use another test.




Example 1:

Z(-l)n X_iscalleda power series.
n=0 2n + 8

Find all values for x that would make the series converge.

Xn Xn+1 Xn+l
Let u, = (_1)n o Uy = (_1)n+1 = (_1 i
2n +8 2(n+1)+8 2n+10
Xn+l
(_1)n+1 .
Let L = lim|=2:2| = |im 20+10) _ jim | XX jim | 208 1 11 (1) = |
ol U n—o . X n—o| x" n->»|2n +10
("
n+8
By Ratio Test, if L <1 then Z(-l)n X converges.
— 2n+8

Hence, L<1l < [x|<1 < -1<x<1
R = Radius of convergence = 1
Interval of Convergence = (-1, 1).

n

X
2n+8

Hence the series Z(-l)n converges when x is between -1 and 1.
n=0



Example 2:

2, (8x)" . : . :
Z( ) is called a power series. Find radius of convergence.
n=1

n3
n n+1
Letu, = (8)(3) and u_ ., = (8x) -
n (n+1)
n+1 3 n+1 3
Let L = lim |t = fim [ X0 iy |G, :
n—oo un n—o (n +1) (8)() n—o (8)() n—o (n _|_1)
_|8x)"-(8x)' 3
= lim (8x)" -(8x) : - =8x|- (1) =[8x
x| (8x)" n—>=In° +3n+3n+1
: : 2, (8x)"
By Ratio Test, if L <1then > 5 converges.
n=0

Hence, L<l< [8X/<1 < -1<8x<l = -1/8<x<1/8

We also need to check x =-1/8 and x =1/8.




Example 2 (con't).

fx_1/8 i(ax)” Zi(S (-1/8)) i( 13)“

3
o1 N ne1 ne1 N

>
n=1
Alternating Series Test.

IS an alternating series and converges by

g, 300 5 CWO SO 1

n=1 n n=1 n=1 n n=1 n

= 1 . : : :
ZF IS a p —series with p = 3; hence it converges.
n=1

Summary: Interval of convergence is [-1/8, 1/8]

0 (8X)n

In otherwords,z -
~




Example 3:

Find interval of convergence for Z

n=1 (n + 2)'
n n+1 n+1
Letu = and u, = X S
(n+2)! (n+1+2)! (n+3)!

Note: (n+2)!=(n+2)(n+1)(n)---(3)(2)(1)
(n+3)!I=(n+3)(n+2)(n+1)(n)---(3)(2)(1)

Xn+l
| n+l |
Let L = fim et — jim [ {EDY _ [ X (0 2)
el u, | e X sol(n4+3) X
(n+2)!
n+1 | n,,l1 |
im [ im (2 i X2 i | (0 £2)
n—>o Xn n—so (n+3)l n—so X“ n—»o0 (n_|_3)|
= |x|lim|——[=|x|-0=0
n—oin 43
By Ratio Test, if L <1 then converges.
Y nzzll(n+2)! :

un+1

un

Note that L = lim

n—o

=0<1 for any x.




Example 3 (con't):

Hence Z

nl n—l_

converges for any x.

Interval of convergence = (-o0,00)
R = Radius of convergence = o



Example 4.

Find Interval of convergence for Z(gj
n=1

n n+1
Letu, = (EJ and u. = (5)
5 5
X n+1 X n X 1
Hint: | — =(—j (—j
SEROIE

n+1

un

=lim —|=lim ——| =
n—»o (Xj N—>o0 (Xj
5 S

By Ratio Test, if L <1 then Z(gj converges.
n=1

lim

n—oo

L<l o ‘5

<l = —1<g<l = —-b<x<b



Example 4 (con't):
We also need to test x =5 and x = 5.

For x = 52( j i(:] :i(l)” = o,

n=1 n=1

Hence, when x =5, Z(gj diverges.

n=1

Forx:—5,i( j i( j Z (-1)" =-1+1-1+1-1+...

n n=1

1
Hence, when x = -5, ( j diverges.

Therefore, Interval of Convergence is (-5, 5).



Example 5:

o0

Find Interval of convergence for Z

S (n+1)!
3n 3(n+1) 3n+3
Letu, = and u_,, = X X
(n+1)! ((n+1)+1) (n+2)!

Note: (n+1D)!'=(n+21)(n)(n—-1)(n-2)---(3)(2)(2)
(n+2)!=(n+2)(n+1(n)(n-1)(n-2)(n-3)---(3)(2)(D)

3n+3 ﬂ-l—l | 3n . 3 |
Let L — fim|e:t| — fim| 2 (MDA (X (D)
n—so0 u n—so0 (n_|_2)l X n n—so0 X n—o (n_|_2)l

:‘x3-lim =‘X3‘-0=0

| (n+ 2)
0 3n
By Ratio Test, if L <1 then converges.
d 2Ty O

[e¢]

Since L=0, L <1foranyx. Hence, >

n=1

converges for any x.

Therefore Interval of convergence :(—oo,oo) and Radius of Convergence = «



Example 6:

2)n—1

- = X —
Find Interval of convergence for > ( —

n=1

( . 2)n—1 (X . 2)(n+1)—1 (X . 2)n
Letu, = o and u_, = AOTERT
UL o (x=2) 2™
lim |2 = lim —— . —
n— o0 un n—oo 2 (X_2)
i (x—2)" o |2n-2
n— oo (X _ 2)” . (X _ 2)_1 nso| 2N
= lim </ lim 27| = lim |(x = 2)}|- lim E‘=1|x—2|
n— o0 (X—2) n— o0 n—oo n—ow| 9 2

00 . n-1
By Ratio Test, if L <1then > (X 23 converges.
n=1

Hence,L<1l < %|x—2|<1 = —1<%(x—2)<1

& —2<(x-2)<2 < 0<x<4

10



Example 6 (con't):
We also to need to test x =0 and x = 4.

Forx O Z(X 2)n -1 Z(O 2)n -1 Z( 2)n—1

n-1 n-1 n-1
n=1 2 n=1 2 nl2

=1 n=1

For » (-1)"*, note thata, = ‘(—1)”‘l =
n=1

0 12n1 _1n—12n—1 0
B ICE R NC R

1)n—l

1"=1; and lima, =lim1=1

nN—oo nN—oo

Hence, > (-1)"* diverges by n™ Term Test.

n=1

)

Therefore, for x =0, 2(2— diverges.

11



Example 6 (con't):

For x = 42(4 2" Z(Z)H i1:1+1+1+...

n-1 n-1
n=1 2 2 n=1

Hence, For x =4 Z% diverges.

n=1

Therefore, Interval of convergence = (0, 4).
Radius of Convergence = 2.

12



Example 7:

5n+1

Find the interval of convergence for )

= (Gn+1)!
5n+1 5(n+1)+1 5n+6
Letu, = and u, ., = X _ X
(5n+1)! G(n+D)+D! (bn+06)!

Note: (bn+1)!=(5n+1)(5n)(bn -1)(5n - 2)(5n—23)---(3)(2)(2)
(5n+6)!'=(5n+6)(5n+5)(5n+4)(5n + 2)(5n +1)---(3)(2)(2)

5n+6 [ 5n.,6 I
Let L = lim| et | = im| X OUEDY_ o XX, | GN+)!
ol y | moe(5n+6)1 X el XX | now|(5n + 6)!
. . 1 c
:Ilm‘x -lim :‘x ‘-O:O
n—ce n—=|(5n+ 6)(5n +5)(5n + 4)(5n + 2)
o) 5n+1
By Ratio Test, if L <1 then converges.
Y nZZ;(Sn +1)! J
u 5n+1
“n+1

=0<1 foranyx; and y
Y Z‘(Sn+1)!

Therefore, Interval of Convergence (—oo,oo) and Radius of Convergence = co.

Hence, L = lim

n—oo

converges for any real number Xx.

un
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Example 8:

Find the interval of convergence for i(n +1)Ix".
n=1
Letu, =(n+1)!x" and u,,, =(n+1+1)Ix" =(n+2)Ix"x"

Note: (n+1)!'=(n+1)(n)(n-D(n-2)(n-3)---(3)(2)(D)
(n+2)!=(n+2)(n+1)(n)(n—-1)(n-2)(n-3)---(3)(2(M)

T I (n+2)X'%7 (n+2)!|X|
el U || (n4D)IXT | e (n+1)!
i (n+2)(n+1)(n>(n—1)(n—2)(n—3)---(3)(2)(1)‘|x|
==l (n+)()(n-H(n-2)(n-3)---(3)(2)(V)
L = lim |22 jx] =00 x| =0

n—o0

1

14



Example 8 (con't):

Note: L =0 >1. Hence, the series Z(n +1)!xn diverges for any real number x, except x = 0.

n=1

o0 o0 o0

When x =0, i(n +I)IX" =D (n+1)+0"=> (n+1)+0=> 0=0.

Therefore, Interval of Convergence is {0}.

15



