Calculus Il Section 9.9 Notes

Objective: Write power series representation of function f (x).

. L& a
Recall: Geometric Series Zar” =0 for —1<r<l1.
n=0 — T



Examples:

a 2 2

1-r 1 2/3
3

a 4 4

1—r 1_} 415
5

a _ 1 _ 1 _6/5
1-r 1 5/6



Example 1: Find a geometric power series for the function f (x) = centered at 0.

7 - X

. " a
Recall: Geometric Series Zar” :1— for —1<r <.
n=0 =TI

_ur 17 a
7-x (7-x)7 1-x/7 1-r
a=17; r =x/7

Note:

Power Series Representation for f (x): f(x)= N D ar” :Z(_j(_j

7 X n=0 n=0



1 = (1N x)

Comparing f (x) = and — || —

Panng T == Z(?)M
For x =2,

f(x)=7% =1 -

1

X (-2 5

Power Series: [E (Ej Z(EJKEJ __a _ 177 :1/7 =1/5
~\70\7) =7 )\7) 1-r 1-2/7 /7

Note: The power series i(l/?)(x/?)n is good when x is

n=0

around ¢ =0.



centered at O.

Example 2: Find a geometric power series for the function f (x) = > >

Note: 5 _ (5)/2 _ 5/2 _ @
2 -x (2-x)/2 1-x/2 1-r

a = 5/2

r =x/2

Power Series Representation for f (x):

=g gr el

n=0




Comparing f (x) =

and Zar _Z 5/2)(x/2)’

For x =1,

5 5
() -x 2-1

PowerSerlesZS/Z x/2)" =>(5/2)(1/2) 1a 15/;2 &13//5
n=0 —r

Note : The power series » (5/2)(x/2)" is good when x is around ¢ = 0.

n=0



Example 3: Find a geometric power series for the function f (x) = centered at ¢ =1.

5 - X
First, rewrite 5—x as 5 —(x — c) — ¢ since we want the power series centered at ¢ =1.

Note: 5—x=5—(x—c)-c=5—(x—-1)-1= 4—(x-1)

2 2
Hence: = =
5-x 5—(x-1)-1 4-(x-1)
B 214 B 1/2 _a
44 - (x -1)/4 1-(x-1/4 1-r
Sowe have: a = E; r =X—_1
2 4

Power Series Representation for f (x):

ki




. 2 = (1 x=17
Comparing f (x) =—— and — || —
Paring 109 =5 2(2){4}
Note that ZG){XT_T converges if r = XT_l is between -1 and 1.
n=0

Hence, -1 <XT_1<1@-4 <x—1<de-3<x<5

Or Z 1) x= converges if -3 <x <5 (this interval is centered at 1).
n=0 2 4

For x =1.5,
f(x) = > __ O =10
2-x 2-15
&SI x=1T &r1Y15-117" &(1)o5]
Power Series: Z || === = Zl == = il | Bt
Gy e s

12
- 1-05/4



Example 4: Find a geometric power series for the function f (x) = centered at ¢ =-2.

] L a
Recall: Geometric Series Zarn :1— for -1<r<1.
n=0 —r

Since we want a power series centered at ¢ =—2, rewrite 3x—6 as 3(x—c)—6+30.
Note: 3x—6 =3(x—Cc)—6+3c=3(x—-2)-6+3(-2)=3(x+2)-12=-12+3(x+2)

Note: 4 4 B 4 ~ 4/(-12)
3 -6 3(x+2)-6-6 -12+3(x+2) -12/(-12) +3(x +2)/(-12)
-1
3 _a
1 _ X+2 1—r
4
Hence,a=— and r=XLZ
4
Hence, a = -1/3; = (XZZ)

Power Series Representation for f (x): f (x) =

52l



Comparing f (x) =

X -6
Let x =-1.
4 4 4
1:(X):?;x-(s::s( 1)-6 9
> X + 2) 1)\ (-1+2)
S5 5G]
a  -1/3  -1/3
T1-r 1-1/4 3/4
(X +2)

Note: The power series ( 3 j[

|-G

=—4/9

} IS good when x Is around ¢ = -2.
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Example 5: Find a power series for the function f (x) =

centeredat c=0:

X? +5X + 4

A B 16/3 —-4/3

: 4X 4x
Decomposing (see below): — -
X° +5% + 4 (x+4)(x+1)
16/3 16/3 (16/3)/4 _ 4/3 a

X +4 4+x 4/4+x/4 1-(—x/4) 1-r
~4/3 -4/3  -4/3  a

x+1 1+x 1-(—x) 1-r
Power Series Representation for f (X) :

4 - e
f(x):X2+5))((+4 = 2 (413)(-x/4)" + 2 (413)(

i[4/3 —x/4)’ +(—4/3)(—x)n}

n=0

+ +
X + 4 x+1 X +4 x+1

_X)”

11



Using Partial Fraction To Decompose

2

4x B 4x A N B
x2+5x+4_(x+4)(x+1)_x+4 X +1
4 A(x +1)+B(x +4)

e e (xrD) . (x+4)(x+1)

4x=A(x +1)+B(x +4)
Letx=-1 = 4(-1)=A(-1+1)+B(-1+4)
-4 =3B = B=-4/3
Letx=—-4 = 4(-4)=A(-4+1)+B(-4+4)
-16 =-3A = A=16/3

X2 +5x +4°
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