) . sinx
Claim: lim——=1
Xx—0 X

Proof:

Unit Circle with r =1

P(cos @,s1n 0)

Length of PR Length of PR

= = Length of PR
Length of OP 1

Note: sing=

Length of BQ _ Length of BQ

= = Length of B
Length of OB 1 : Q

Note: tanfd=

Area of AOBP = %(base)(height) = %(Iength of OB)(Length of PR) = %(1)(sin 0)= %sin 0

Area of Sector OBP = %(radius of circle)’ (8) = %(1)2 (0)= %9

Area of AOBQ = %(base)(height) = %(Iength of OB)( Length of BQ)= %(1)(tan 0)= %tan 0



Note: 0< Area of AOBP < Area of Sector OBP < Area of AOBQ
0< lsin¢9<l9<ltam9
2 2 2

0O<sinfd<O<tanéd Multiply each term by 2

0<1< i < @L@ Divide each term by sing;
sing sin@
0<1< _(9 - 1 Note: tz?m@:smé?_/cos@: 1
sing cosé sin@ sin@ cosé
1> ¥>¥ Taking reciprocals

1> ﬂ>cos¢9
0

. . sin@ ..
Hence, lim1> lim——>limcosé@

6—0 6—0 Q 6—0
. SIin@ )
1> lim——>1 Recall limcosé =1.
6—0 3 6—0

Therefore, Ielrg % =1 by The Squeeze (or Sandwich) Theorem.



) . 1-cosx
Claim: lim =
Xx—0 X

0

Proof:

Note: sin®x+cos® X =1=>sin?x=1-cos? x

X X 14+COSX X (1+cosx) - x(1+cosx) - X (1+cosx) X (1+cosx)

. 1-cosx .. |sinx sin x . |sinx| .. sin x 0
Hence, lim =lim : =lim| —= |- lim| ——— :(1) =0
x>0 X x>0 X (1+ coS x) x>0| X x>0 (1+ coS x) 1

1-cosx 1-cosx 1+cosx  1-—cos®x sinx _ sinx-sinx _sinx  sinx

) . cosx-1
Claim:; lim =
x—0 X

0

Proof:

cosx—l_—l(COSX—l)_1—cosx_i_l—cosx_(_l)_l—cosx
x —1x S x -1 ox X
Hence, lim 22X =1 _ im{(—l)

x—0 X x—0

1-cosx
X

=lim[ (-1)]-lim

x—0



Claim: D, (sinx)=cosx

Recall: sin x(A+ B):sin A-cosB+cosA-sinB

. Sinx . 1-cosx . cosx-1
lIim——=1 |im =0; lim =0
x—0 X x—0 X x—0 X
Proof:
_ [ sin(x+Ax)=sinx | . [sinx-cosAX+cosX-sin Ax—sin
D, (sinx)=lim = lim
Ax—0 AX Ax—0 AX

[ COS X -Sin AX + Sin X - €0S AX —Sin X
Ax—0 AX

| cosx-sin Ax+sinx-(cosAx—1)
A!(Lno AX

= lim
Ax—0 AX AX

= lim [cos x]- lim [SinAx}— lim [sinx]- lim {M}

Ax—0 Ax—0 AX Ax—0 AX—0 AX

AXx—0 AX AX

[ cos X-sin AX sinx-(cosAx—l)} _ { sinAx . (cosAx—l)}
+ =lim| cosx- +sinx:~——~

=cosX-[1]-sinx-[0]=cos



Claim: D, (cosx)=—sinx
Recall: cosx(A+B)=cosA-cosB-sinA-sinB

. sinXx . 1-cosx . cosx-1
lim——=1 lim =0; Ilim =

x—0 X x—0 X x—0 X

0

Proof:

.| cos(x+Ax)—cosx | . [cosx-cosAX—sinx-sinAx—cosx
D, (cosx) = lim = lim
AX—0 AX Ax—0 AX
_lim [ COSX-COSAX—COSX —Sin X-SinAX | lim cos X -(€os Ax—1)—sin x-sin Ax
_Axao AX _Axao AX
| cosx-(cosAx—1) sin x-sin Ax _ (cosAx—1) . sinAx
= lim - +|=lim| cosX: ~—~—sin x-
Ax—0 AX AX Ax—0 AX AX
_ _ CoOsAX—1 o .| SinAX
= lim [cos x]- lim {g} lim [sin x]- lim {
Ax—0 Ax—0 AX Ax—0 Ax—0 AX

=cosx-[0]-sinx-[1]=—sinx



Product Rule for Derivative.
Claim: D, (f(x)-g(x))=f(x)-g'(x)+g(x)- f'(x)
[g(x+Ax)—g(x)]; f'(x):lim[f(X+AX)_f(X)]

Recall: g'(x)=lim

Ax=0 AX Ax—>0 AX
Proof:
D, (f (x)-9(x))= lim f(X+AX)'9(X+AfX)—f(X)-g(X)}
:"m_f(x+Ax).g(x+Ax)f(x+Ax)-g(x)+f(x+Ax)-g(x)—f(x)-g(x)}
0| AX
:“m_f(x+Ax)-g(x+Ax)—f(x+Ax)-g(x)+f(x+Ax)-g(x)—f(x)-g(x)}
ao0| AX AX
im [ (x+AX) )-[ 9 (x+Ax)- ] g(x)-[ f(x+Ax)- f(x)]_
A—>0_ AX AX |
i F (x+ a) La( x+A;2 g(x )]+g(x)-[f(X+AZ)2_f(X)]_

= lim f (x+Ax)-lim [g(x+Ax)—g(x)]+ lim g (x)-lim [f (x+A%)- T (X)]

Ax—0 Ax—0 AX Ax—0 Ax—0 AX

=f(x)-9'(x)+9g(x) f'(x)



Quotient Rule for Derivative.

Claim: DX( f (X)J: 90 F'(x)-f (x)-g'(x)’ g(x)=0

9(x) [9(0]
Recall: 9'(X)=lm[g(x+A;z_g(x)]; f’(x):ﬂ%[f(XJrA;z_f(x)]; %—%=ADD_BBC
Proof:
" _fEx+Ax§_ fgxg_ _f(x+Ax)-(g(x)—)g(x(+)Ax)-f(x)_
fx_lmgx+Ax gx:im g(Xx+Ax)-g(x
Dx(g(x)]_lx—m AX 1x—>0 AX
. f (X+Ax)-g(x)—g(x+Ax)- f(x) 1}:Iim{f(x+Ax)-g(x)—g(x+Ax)-f(x)
Ax->0 g(x+Ax)-g(x) AX | M0 g(x+Ax)-g(x)-Ax
_lim f(x+Ax)-g(x)—f(x)g(x)+f(x)g(x)—g(x+Ax) f(x)}
M0 g(x+Ax)-g(x)-Ax
(g (X)[ f(x+2ax)=f(x)]+ f(x)-[g(x)-g(x+Ax)]




T )~ 1 (0] £ (0 La e x)-a ()]
x>0 g(x+AXx)-g(x)-Ax
:iirj‘o (X)[ f(x+Ax)- ] f(x) -[g(x+Ax)—g(x)]_. 1
i | g(x+Ax)-g(x)
ziinz) COLF(x+ax)—f ()] F(x)-[9(x+ax)-g(x )J} 1
L Ax AX g(x+Ax)-g(x)
_lim g( ) [ f(x+AX)- ] f(x)-[g(x+Ax)-g(x )]} 1
AX AX g(x+Ax)-g(x)

=| lim g (x)- nm[f(HAX)_f(xﬂ—nmf(x)-lim[g(xwx)_g(xﬂ -1im L

_A x—0 Ax—0 AX Ax—0 Ax—0 AX :l Axao[ g (X + Ax) . g (X)j




Chain Rule for Derivative.

Claim: Dx(f(g(x))): f'(g(x))-g'(x)

Recall: Alternative form of derivative f’(c):lxiﬂg[ (x::g(c)]
Hence, f'(g(c))= m{ f (gg(x)g: ; (((?)(C))}
Proof:
D (f(g(c))):m{f(g(c)))(:(‘:(g(c))}:m{f(g(c)}(:;(9(0)) gx;:g(c
:,im{f(g(c))—f(g(c))_g(X)— (c)}:"m{f(G(C))—f(g(c))},,im{g(x —g(c)}
x>0 g(x)-g(c) X—C x>0 g(x)—g(c) x>0 X—C



Rolle's Theorem:

Claim: Letf be differentiable on (a, b) and continuous on [a, b].

Iff (a)=f (b), then there is at least one number c (a,b) such thatf’(c)=0.

Recall:

a) Extreme Value Theorem: If f is continuous on [a, b], then f has both a minimum and maximum on |a, b].
b) Relative Extrema: If f has a relative minimum or maximum at x =c, then c is a critical number.

Proof:

Letf(a)=f(b)=k.

Case 1: If f (x) =k for all xe[a,b] then f (x) is a constant function and f'(x) =0 for all x e (a,b).

Case 2: Suppose f (x) >k for some x € (a,b). Then by Extreme Value Theorem f has maximum at some c €(a,b).



Find the arc length fory = f (x) = X withx e [a,b] =[O0, 4].
Let L be the length of the arc.
First we divide the arc length into n segments.

The kth segment will have the following endpoints: (x,_, f (x,_,)) and (x,, f(x)).

Hence, length of kth segment = \/(xk —~ XH)Z +(f(x)- f(xkfl))2

Let AX, =X, — X, ;.

L= length of kth segment = yJ(Ax, )° +( f (x.) — f (x,,))’
= (&%)’ (&%) +(f(xk)_ f00))’ = 1+(f(xk)_ () (A%,)
(%) (A%, )’ (A%, )’ ‘

By the Mean Value Theorem, there is t, € (x,_,X,_,) such that o) = Fy)
Xe =Xy

= f'(t)

Hence, f (x) — f (X)) = [Xk - Xk—l] () = Ax ()

L= \/[u%}(mk)_ /[1+[f'(tk)]2](Axk)

Therefore, L~ L, +L, +...+L,

L= [ @ Ja)+ [T+ [T J(ax) +o L+ [F6T ()
L= 3 [ o )
L=imdx

L (X T(x)
(Xk-1, T(Xk1))
75 X XE°




Lenght of Arc

b b 2
Arc Length of Plane Curve: L = J.«f1+ [ f ’(x)]zdx :I 1+ %} dx =
X

2
Arc Length of Parametric Curves: L = J \/[ dt} [dy} dx

dt

Arc Length of Polar Curve: L = .[ r +[d }dx
déo



