Test 2 Review

1) Let an:3n+2
n

lima, = Iim(gn " Zj - |im(§) =3
n—o n—o n n—>owo| 1

2) anzsin%[ Find lima,
Forn=1, alzsinE=1

2
Forn=2, aZ:sin%:O

Forn=3, a3:sin3—ﬂ:—1

Forn =4, a4:sin47ﬂ:0

Hence sequence of {a, } ={1,0,-1,0,1,0,-1,0,1,0,-1,0,1,0,-1,0,1,0,-1,0,1,0,-1,0,....}

Therefore lima, diverges.

n—o

3) Let an:(gj +5

3
. (2 - (2)
Ilman:hm((gj +5J:I|m(§J +1im(5)=0+5=5

5n
n®+1

. i on i 3) 3)
lima, =lim| — =lim| — |=—=0
n—w n»o\ N°+1 n—w\ 2N 00

4) Let a, =




5) Z(%} : Explain why this series converges.

Explanation:

0

Z(%) Is a Geometric Series with r = %

n=0

By Geometric Series Theorem Z(%) converges because -1 <r < 1.

=2\ a 1 7
Also, — | =———=—7F==
Z(?j 1-r 5

n=0

6) Z[ 0. 4 O 11 } Explain why this series converges.

Explanation:

i:(o.4)”+(o.11)”}: 04)'| + i[ +(0.12)"|

n=0

'mlg

>
Il
o
S
Il
o

i_(OA)”] is a Geometric Series with r =0.4.

Hence i[(OA)n} converges by Geometric Series Theorem.
n=0

i[(o.ll)”} is a Geometric Series with r =0.11.

n=0

Hence i[(o.n)”} converges by Geometric Series Theorem

n=0

0

Therefore, i[(OA 011} Z[ J i[ 011 Jconverges.

n=0 n=0 n=0



0

7 > (7). Explain why this series diverges.

n=0

Explanation:

2(1.77)n Is a Geometric Series with r =1.7.

n=0

By Geometric Series Theorem 2(1.7)n diverges because r > 1.
n=0

> N+10 " se the nth Term Test to explain why the series > n+10 diverges.
T 10n+1 = 10n+1
Explanation:
Let a =10 and tima = 1m0 _1/10
10n+1 n—>eo n>=10n +1

nth Term Test says that if lima, = 0 then series diverges.

n—oo

9) Z(—l)n — Explain why this series diverges. Use nth Term Test.

Explanation:

. . n i 1 .
lima, = lim— =lim| — |=lim(n) =
n—o n»o|nn noel1/n n— oo

By nth Term Test Y (-1)° - diverges because lima_ = 0.

h=2 nn n—o



2n+1
5oNn+2

10) Z

Explanation:

2n+1

lima, =lim
n—ow n—>oo5n+2

[ee]

By nth Term Test Z 2n

11) Telescoping Series Z(

Explain why this series diverges. Use nth Term Test.

U

55N+ 2

2

5

=1lim =

N—oo

2
5

dlverges because lima, = 0.

n—oo

1 . .
J. Does the series converge or diverge?

nN+2 n+3
Note: lima, —|Im(——ij20
n->e e\n+2 n+3
1 1 1 1 1 1
Note : =—-"r a==—= -—-_=
AT373 %715 5 6
0s,=(2-2)(21)-1 1
3 4 4 5 3 5
bys, =[1-1 +(1_1 +(1_1]:1_1
3 4 5 6 3 6
1 1 1 1 1 1 1 1 1 1
S
3 4 5 6 6 7) 3 7
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
d) S, = I e B e ) IRy QS ity DU Byt R i R ) [ [
34 4 5 5 6 6 7 7 8 8 9 9 10 10 11 11 12 12 13
_1 1
3 13
1 1 1 1 1 1 1 1 1 1 1 1 1 1
o5 C G s
3 4 4 5 5 6 6 7 7 8 (k-D+2 (k-1)+3 k+2 k+3
_1o 1
“ 3 k+3
1 . 1 1 1 1
——————|=lim§, =| =——— |==-0==
f)z(mz n+3j ko ¢ (3 k+3j 3 3
1

g) Telescoping Series Z(

) 1
converges to 3

n+2 n+3



12) Telescoping Series Z; Does the series converge or diverge?
=N +3n+2

Note: lima, —Ilm—
n—sa e n? +3n + 2

1 1 A B 1 1
Decomposing ——: > = = + = -
n>+3n+2 n“+3n+2 (n+1)(n+2) n+l n+2 n+l1 n+2
Note : 1_1 a _1_1 1_1
ATy RT3y 3T

ays, = t-L) (i )1l

2 3 3 4 2 4
S J g U (T

2 3 3 4 4 5 2 5

1 1 1 1 1 1 1 1 1 1
C)S,=|=—=|+|=—-=|+|=-= T_Z|l=z_=

2 3 3 4 4 5 5 6 2 6

[1 1} (1 lj (1 1) (1 1) (1 1) (1 1) [1 1) (1 1) (1 1) (1 1)

DSy=l=—=|+|=z—=|+| === |+|=—= |+ == |+ == |+ == |+ == |+H| === |+| =——=

2 3 3 4 4 5 5 6 6 7 7 8 8 9 9 10 10 11 11 12
1

3 Ga (G363 3l e e
e)Sk: ——— ——— _—— - P et — + _
2 3)\3 4)\4a 5) 5 6) (6 7 (k-)+1 (k-D+2) \k+1 k+2

f) ——i—llms =1imS (E—LJ:E—O:1
=N+l n+2 koo ke 2

1 1
So Telescoping Series — ———convergesto —
) Ping HZ; N+l n+2 9 2

Explain why this series diverges. Use Integral Test.

13) 2:

Explanation:

2 5 ©
J.3x+1dX:2-[

3n+

o0

:%m(oo)—%m(?):oo

! dx = 2Fln|3x+1|}
2 > 3X+1 3 )

ee) 2 . 0
By Integral Test Y —— diverges because dx = oo.
Y nZ;‘ 3n+1 : ! 3X +




14) Z \/_ Explain why this series diverges.
Explanation:

Z L = Zi is a p-series with p =5/7 < 1.

0

By p-series Theorem Z

n=1

15) Z( n;}/ y j Explain why this series converges.

Explanation:

Z( 51,4] IS a p-series with p =5/4 >1;
n

n=1

0

Therefore, by p-series Test Z( 51, 4] converges.
n

n=1

16) Z(Si”j Explain why this series converges.
Explanation:

Z(ij = Z(%} Is a Geometric serieswithr=1/3 and -1<r<1.

n
n=1 3 n=1

Therefore, by Geometric Series Theorem, Z(SL”J converges.

n=1



17) Z(% — ij Explain why this series diverges.
n

Explanation:

(1 1 2 (1 2(1

Haa)- 220

Z(%) is a p-series with p = 4; hence Z(%) converges to a finite number.
n

n=1

Z(l) IS a p-series with p = 1; hence Z(E] diverges to oo.

n=1 n n=1 n
=51 1 = (1 (1 -
S — |- — |=(finite value) - © = -0
5453 (2w
=1 1) .
Therefore, > | — —= | diverges to -oo.
n=1 n n
18) Z(In_gr]j Use Basic Comparison Test to explain why this series converges
n=1 n
I 1
Letan:—3 and bn:F:F
n n 1
Hence, a, :?< b, il

> =1 . : . : .
Z(bn) = Z—Z Is a p-series with p=2; hence it converges to a finite number.
n=1 n=1 n

i(l:_an < i(%} = finite number.

Therefore, Z(I—n) converges.

3

>



Explain why this series diverges. Use Limit Comparison Test.

) z(ﬁl —1)'

Explanation:

Leta = 1 = ; b = —2=

1
n %—l n’3_1’ n % nt3

Note: > (b, )= Z( L j is a p-series with p=1/3; hence it diverges.

1/3
n=2 n=2\ N
1 " EP
. . a . s _ . n .
lima, =lim| < |=lim| ==L | = |im = lim| 3 =1
nN—oo nN—oo nN—oo l nN—o0 1/3_1 nN—o0 1 _
; n - -2/3

. [a . : :
Because Ilm(—”j =1>0 Limit Comparison Test says that either

nN—oo b

both i(an) and i(bn) converges or both diverges.
n=2 n=2

) 2 (1 ) i 1 i
Since —— | diverges, also diverges.
5 ) veres ) ‘

n=2



Explain why this series diverges. Use Limit Comparison Test.

20) S Lj
) ;£\/n4+3n

Explanation:
Jn* +3n Jnt n?on

n=1 n=1
n
f 4 2
lima =lim| - |=Ilim n+3n = lim =1
n—o n—o n—o 1 n—o n4 +_3r]
n

nN—oo b

Because lim (5j =1>0 Limit Comparison Test says that either

both i(an) and i(bn) converges or both diverges.
n=2 n=2

o0

) > (1) .. n i
Since — | diverges, ————— | also diverges.
;(nj | ;(\/n4+3nj )



21) Z(#] Explain why this series converges. Use Limit Comparison Test.

Jn® +5n

Explanation:

n=1

Letanz—1 , b - .1

Note: > (b,) = Z( L j is a p-series with p = 3/2; hence it converges.

n=1 n=1 n3/2
_1
. . a, . «/n3+5n . n'?
lima, =lim| = |=lim| ——— [=liM| ——— |=1
n—w n—w bn n—w 1 n—w ’nS +5n
n3/2

. [a . . .
Because lim (b—”] =1>0 Limit Comparison Test says that either

n—oo

both i(an) and i(bn) converges or both diverges.
n=2 n=2

. = (1 i 1
S b )= — , — |al .
ince > (b,) Z( n?”zj converges Z( — Sn} also converges

n=1 n=1 n=1



22) Z( n+4 J Explain why this series diverges. Use Limit Comparison Test.

n=1 n(n+5)
Explanation:
PPN EZ S I

n(n+5) n(n) n

Note: D (b,) = Z(EJ is a p-series with p = 1; hence it diverges.

n=1 n=1 n

n+4
2
lima, = lim| & | = jim| MOF9) | _ iy [ 44y
n—o n—o bn n—o E n>»| N° +5n
n

Because lim (ﬂ} =1>0 Limit Comparison Test says that either

no»| [
n

both i(an) and i(bn) converges or both diverges.
n=2 n=2

Since i(bn) = i(%) diverges, i[ n+4

] also diverges.
n=1 n=1 n=1 n(n + 5)



23) i(sl_

Explanation:

7]. Explain why this series converges. Use Limit Comparison Test.

Leta, =——; b, =—
3 -7

lima, = lim| 2 | = tim| 3" =7 | = jim| —>— | = lim (In3)-3")_,
n—o n—o bn n—o i n»w| 3" _7 n—>w (|n3)3n

Because Iim( L ] =1>0 Limit Comparison Test says that either

nN—oo bn

QD

both Z ) and Z ,) converges or both diverges.
n=2

Since Z‘(b”) = i(gi”j =i@)n converges, i(:,)nl

n=1 -

7) also converges.



0 _l n
24) Z{( 4) J Explain why this series converges
n=1

n

Explanation:
1

Let an = —4
n

n—oo n—oo nN—oo 4

a) Showlima,=0: lima, = Iim(ijzo
n

b) Show a, is decreasing orshow a , <a,

n+1

1 1
a, =— and a.,, = o
n (n+1)

1
<—; so0a.,<a

Note: :
(n+D* n*

1. :
Hence, a, = — is decreasing
n

n=1 n

© _1 n
Therefore, by Alternating Series Test, Z{( 4)

. Use Alternating Series Test.

j converges.



n+3 . : . : .
25) Z[ ( )] Explain why this series converges. Use Alternating Series Test.

o n’+4
Explanation:
Leta, = I’]2+3 :
n“+4
a) Showlima, =0: lima = Iim( n+3 j: |im(i)=o
n—w n—w n»wo\ n° +4 n—wol 2n

b) Show a, is decreasing.

a,=4/5; a,=5/8; a,=6/13; a,=7/20; a,=9/40

Also, for f(x) =— X+3 , X >1;
X* +4
2 _ 2 _ 2 _y2
f’(x):(x +4)(2) (x:3)(2x):x +4 2x2 6x: X 6x;r4<0 for x >1.
(x2+4) (x2+1) (x2+l)

+3 . .
> Is decreasing

n
Hence, a, =
n“+4

(-1)" (n+3

Therefore, by Alternating Series Test, Z{ T2 )] converges.
n®+

n=1



n-5

n=2

= [ (=1)" (n
26) Z[( ) ( )]. Explain why this series converges. Use Alternating Series Test.

Explanation:

Leta, =—; c
n_

a) Showlima, =0: Iiman:Iim[ i j:nm(izj:o
n"—-5) n>={3n

n—o n—oo n—o0
b) Show a, is decreasing.

(x*-5)(1) - (>§)(3X2) _x _5_32)(3 _2xX _E <0 forx>2.
(x*-5) (x*-5)"  (x*+1)

Also, for f(x) = ,X>2; T'(x)=

x* -5

Hence, a, =

. Is decreasing

n°—3

= ((=1)"(n
Therefore, by Alternating Series Test, Z((z)—g)j converges.
n=2 n-—



27) Z( IJ Explain why this series converges. Use Alternating Series Test.

| h+4
Explanation:
Letanzi.
n+4
-1/2
2) showlima, =0:  fima,  lim| <" | = im[ €20 ) iy ( 11,2j=o
n—»o n—»o n»wo| N4+ 4 n—»o 1 n—>ol 2n
b) Show a, is decreasing.
a,=1/2; azzﬂ; agzﬁ; 4=ﬂ;
3 4
Also, for f(x)=£ X>1,
X+4
/ J_ X+1 N~ (x+4)-2x —x+4
X+4)((@/2)x?) -
() = (/2 : ) a 20x _ __20x g forxs2.
(x+4) (x+4) (x+4) (x+4)
n . :
Hence, a, = —— is decreasing

n+4

= [ (=1)"/n
Therefore, by Alternating Series Test, Z{%j converges.
n=1 n+



= ((-1)"n
28) Z{%} Use nth Term Test to explain why this series diverges.
n=4 n-—

Explanation:

Letanzi.
n-5

a) Showlima =0: lima :lim(Ljﬂimﬁﬂ

n—o n—o n»o\ N—=5 1

0 _1 n
Therefore, Z[%J diverges by nth Term Test.
n=4 n-—

= ((-1)"Inn®
29) Z[LJ Explain why this series converges.
n=2 n
Explanation:
3
Leta, = Inn :
n
3
a) Showlima =0: lima :Iim(lnn J:lim(mﬂ}nm(?’a/”)j:|im(§j=o
nN—o0 nN—o0 nN—oo n nN—o0 n n—oo 1 n—oo n
3 3/x)—(3Inx)( -
b) Let f () = X 3INX. - OB =(BIN)G _3-3Inx 5 05
X X X X

3

Inn
Hence, a, =
n

Is decreasing.

= ((-1)"Inn®
Therefore, by Alternating Series Test, Z[LJ converges.
n=2 n



30) ZG” _éj : Explain why this series diverges by using Root Test.
n=1 n+

Explanation:
5n—1Y — 5n—1)" 5n-1
Leta == . na =N =
! (2n+5j " (2n+5j 2n+5
L=limgfa, = lim[ 2= ] —jim[2]=2 51
e >\ 2n+5) o=\ 2) 2

Therefore, Z(gn _;j diverges by Root Test because L >1.
n=1 n-+

31) Z;(gjrllj : Explain why this series converges by Root Test.

Explanation:

4n ' / 4n ' 4n
Leta, = . RMa,=p =
(9n—1j (9n—1) o9n-1

L=tlima =lim| 2" | = im[2]-2
n—o n—o 9n_1 N—so 9 9

Therefore, Z( 4n

=\9n-1

j converges by Root Test because L <1.



32) Z(:’: ) Explain why this series converges by Ratio Test.
n=1

Explanation:
an in+4 4n+4  4dn+4
Letan:—z, n+1 > = 2 = 2
en e(n+1) en +2n+1 en e2n+1
L = lim| 8ot | = jim | 2NE2 €] |im(4”+1. 1 1]: |im(4”+1].|im( 1 1]:(1)(0):0
ol g n—o| gl e2n+1 4n n—o 4n et nN—ow an n—wo| @t

2( n
Therefore, Z(—Zj converges by Root Test because L < 1.
e

33) Z(S—J Explain why this series diverges by Root Test.
n=1 n
Explanation:
n n+1 nel
Letan:5—3; a., = 5 = 5'5 :
n (n+1)° (n+1
ngl 3 1.3 3
L = tim |22 = fim| 22 i [ 20| 25
ol g n—o (n +1) gn n—o (n +1) n—o (n _|_1)

Therefore, 2(5 ] diverges by Ratio Test because L > 1.

3
n=1



= (nl
34) Z(S—nj Explain why this series diverges by Ratio Test.
n=1

Explanation:
Leta, =N a,, = (NEDL (n+D[(n)(n :11)---(3)(2)(1)] _(n+ D[]
€ € e'e e'e
A (n+1)[n'] . e"

=lim

n—oo

lim

nN—oo

n.1 _:Ilm((n—‘_l)il):“m(n-l-l)Ilm(lJZ(OO)(lJ:oO
an ee n! n—co e n—o n>o| @ e

0

|
Therefore, Z(n—nj diverges by Ratio Test.
e

n=1

35) f (x) =e™®*. Write a 3rd degree polynomial to approximate f (x) values around ¢ = 0.

f()=e™ f(0)=e=1
f/(x) =—2e % f'(0) = —2¢° = -2
f"(x) = 4e™ f"(0)=4e" =4

f"(x)=—8e®  £"(0)=-8¢" =-8

P,(x) = f(c)+ f'(c)(x—c)+ ‘C"(C)(;—C)2 N f"’((:)é):—c)3

P (x) =1+ (-2)(x) + (4);X)2 . (—813(x)3



36) f (x) =coszx. Write a 4th degree polynomial to approximate f (x) values around ¢ = 0.
f (X) =coszx f(0)=1

f'(X) =—zsinzx f'(0)=0

f"(x) = - coszx f"(0) = —x°

f"(x) = 7°sin zx f"(0)=0

f 4 (x) = 7" cos zx f"(0) =~*

: f"e)(x-c)°  f"()(x-¢)* FU(c)(x-c)*
PO = F(0)+ F(O)(x—€) + —7 — 2

L O | (=’
6 24

P4(X) =1+ (0)(x) + (0)(x) + (—7[22)()()2

37)f (x) =e~>*. Write a 3rd degree polynomial to approximate f (x) values around ¢ = 0.

f(x)=e™ f(0) =e°=1
f'(x) = -3¢ £'(0) = —3¢° = -3
f7(x) = 9e™ f"(0)=9¢’ = 9

f"(x) =27 f"(0) = —27e° = -27

P00 = () + F(Q(x—c) 4 OO | FOx0)

2! ]
R(X) =1+ (-3)(x) + (9);’()2 " (_22(")3



38) f (x) =tan x. Write a 3rd degree polynomial to approximate f (x) values around ¢ = —Z

f (x) = tan x f(—ﬁj -1
4

f'(x) = sec® x f’(—z):Z
4

f"(x) = 2sec” xtan x f ”(—%) =4

f”(x) = 4sec® xtan® x +2sec’x  f ’”(—%) =16

P00 =1(0)+ T(O)x-)+ QI TOber

T\ T3
(A0--57 as)x--1)

T
P3(x)—1+(2)(x——z)+ 5 + 6

T ? T ’
- +(—4)(x+4j (16)(x+4j

P3(x):l+(2)(x+ZJ 5 + 5




39) Z(lij Find interval of convergence for this series.

n n+1 n 1
Letu =| > | andu,=|>| =[Z]|2
10 10 10) \10

XY (xY
. (Ul s 10 10 X
lim|—/=|= lima, . = =
n—ow un n—o0 (X) 10
10
Set( j<l
10

Hence, —1<%<1 & —-10<x<10

Therefore, interval of convergence is (-10, 10).



40) z( D" (x= 2) Find interval of convergence for this series.

n=0 (n+1)
P ) P G i ol el Lt
(n+l) ((n+1)+1) (n+2)
iU | [EDM =2 (=2 (n+1) | (n+1)22_(x_2)1
nsol g | o (n+2)° (D"(x-2)"] "=|(n+2)
im Y im[x— 2 1. x— 2 =[x -2
n—w (']_+ 2) n—o
Set |[x—2|<1.

Hence, —1<x-2<1 < 1<x<3

Note when x =1, Z( 1() (Xl) 2)" Z(_(l)n(l_)lz)n ZOO:
n=0 n p—r n4+

converges by Integral Test.
+ 1)

o(n

-D)"(x-2)" -D'"0M)" & D° , :

Note when x =3, = converges by Alternating Series Test.
nz(; (n+1) Z;‘ (n+1)2 nzzc:'(n+l)2 e by J

Therefore, interval of convergence is [1, 3].

41) in!(x -2)". Find interval of convergence for this series.
Letu =n!(x—2)" and u_, =(+1I(x-2)""*=(n+1)(n)(x-2)"(x-2)"
Note that (n+1)!=(n+1)-[(n)(n-1)(n-2)---(3)(2)D) ] = (n +)(n)!

(N+D(N)I(x-2)"(x-2)"
ni(x—2)"

un+l

= lim

n—oo

lim

nN—oo

= lim|(n +1)(x-2)

=lim|(n+1)|- I|m|(x 2)|=o0- I|m|(x 2)| =00

n—o

Therefore, Zn!(x —2)" only converges when x = 2.
n=0

When x = Z,in!(x—Z)“ = in!(O)” = i0= 0.
n=0 n=0

n=0



2

42109 =5

Find a power series representation for f (x) centered at ¢ =0.

213 213  a

Note: = = —
3—-x 3/3-x/3 1-x/3 1-7r

So power series representation for f (x) is Zarn :Z@Jﬁgj
n=0 n=0

43) f (x) = zi Find a power series representation for f (x) centered at ¢ = 0.
+ X

3/2 3/2  a

Note: = = =
2+Xx 2/2—-(-x) 1-(-x) 1-7r

So power series representation for f (x) is > ar” :Z(EJ(—X)”

n=0 n=0

5

44) f (x) = . Find a power series representation for f (x) centered at ¢ =1.
— X

6 6 _ 6/3 2 _ a

Note: = = = = =
4-x 4-(x-1)-1 3-(x-1) 3/3-(x-1)/3 1-(x-1/3 1-r

So power series representation for f (x) is Zar —ZZ(XS 1}

n=0 n=0

45) f (x) = L Find a power series representation for f (x) centered at ¢ = 2.
3-2

Note: 3-2x=3-2(x-2)-4

1 1 A -1 -1 a

3-2x 3-2(x-2)-4 -1-2(x-2) -1 2(x-2) 1--2(x-2) 1-r

-1 -1

So power series representation for f (x) is iarn =>(-1[-2(x-2)]

n=0 n=0



